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1 Defining an Economy and Welfare Theorems
First, let’s begin by providing a definition for an economy.! An economy may be formalized as the set £ where
&= {,C, n, (Xi)?:lv Y, (Wi)?:p (ui)?:l}v

where £ represents the I-dimensional commodity space (normally chosen to be a subset of R!), n is the number of
agents within the economy, each with their own consumption set X;, endowment w; and utility function u; : X; — R.
Lastly, Y represents the technology set, where we assume that Y has constant returns to scale (CRS), implying that
Y is a convex cone.? Notice that the technology set and the consumption set are both subsets of the commodity

space (i.e. Y C £ and X; C £). Next, we may define an allocation.

Definition 1.1. The set {x,y} constitutes an allocation, given x € R!™, where x is simply a stacked vector of all
the consumption sets. This allocation is deemed feasible provided that the sum of individual consumption vectors is
equal to the sum of endowments plus technology set; that is, > = x; = >, w;+y, where inputs are negative-valued
and outputs are positive-valued within the technology set. This condition is often called resource feasibility (RF), or

the market-clearing condition.

Example. Consider a simple economy with 2 agents and a commodity space consisting of labor, capital and a final
consumption good. The agents are endowed with labor and capital and do not value leisure. In this economy, we
have wy = (1,3,0) and we = (1,2,0) where the labor time and capital are represented in the first and second
components, respectively. The technology set is characterized by a single firm, taking labor and capital as inputs to
produce the consumption good. An allocation, satisfying resource feasibility might be x1 = (0,0,4)" and 22 = (0,0, 2)’

with y = (=2, —5,6)" such that the identity is attained.

For the models considered here, we will assume that they are characterized by a linear price system, or inner

product representation:
l
v(x) =Y piwi=p-x,
i=1

where the value of the consumption bundle, v(z), is a linear functional on the commodity space.® On a finite space,

any linear functional can have an inner product price system representation.

IThank you to Yuki Yao and Isaac Swift for comments and to Monica Tran Xuan, Sergio Ocampo-Diaz and Keyvan Eslami for

previous notes on this material.
2That is to say, that for scalars «, 3, if y,y’ € Y, then ay + By’ € Y, as well.
3 A linear functional v is a function such that v(ax + By) = av(x) + Bu(y).
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Definition 1.2. A competitive equilibrium (CE) is an allocation {x,y} € RT xR and price system p € RfH where

Vi, x; € argmazr  u;(x;)
st. p-x; <p-w;, 1w €X;, and
Yy eargmar p-y
st. yeyY

and the resource feasibility constraint is met.

Definition 1.3. An allocation {x,y} is (Strongly) Pareto optimal if there does not exist a feasible allocation {&, 3y}
such that

and holds with strict inequality for at least one agent i'.
Theorem 1.1 (First Welfare Theorem). Suppose that the number of agents n is finite and that agent wutility
functions are locally non-satiated. Then, any competitive equilibrium allocation is Pareto Optimal.

Proof. This is a sketch of the proof. Suppose, for a contradiction, there exists a competitive equilibrium which

is not Pareto Optimal. Then, by the definition of Pareto optimality, there exists another feasible bundle {Z, 5}

such that for at least one agent ', we observe u; (%) > uy(x;). Given that the allocation {z,y} is a competitive
equilibrium and that the utility functions are locally non-satiated, each agent fully expends her endowment wealth
on consumption. Thus, for agent 7/,

P&y >p-xy,
and for all other agents i # i,
P-Ti > p- ;.
In summing over all agents, this leads to p - Z? T, >p- Z? x;. Lastly, note that by the definition of competitive

equilibrium, firms are maximizing profits; thus, we observe
pP-ys<p-y.
Combining these equations, we have
n n
p-OQ E—9)>p- O wi—y).
i i
In a competitive equilibrium, we can prove that the resource constraint will hold with equality. Then we have
n n
DB gS) mi—y=w
i i
and multiplying through by the price vector, we have
n n
p- O #i—)<p- QO -y =p-uw,
i i

a contradiction. Therefore, the competitive equilibrium must be a Pareto optimal allocation. O
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Theorem 1.2 (Second Welfare Theorem). Assume that agent utility functions are strictly concave and differ-
entiable. Then, given any Pareto optimal allocation, there exists a price vector p and distribution of endowments

(WHN., such that the set (z,y,p) is a competitive equilibrium.

2 The Deterministic Neoclassical Growth Model

2.1 The Baseline Model

The neoclassical growth model consists of a production function taking the time ¢ capital stock k; and labor services
l¢ as inputs to produce the final good y;:
yr = F(ky, lt).

In addition, each consumer is faced with a budget constraint over dividing current-period output between consump-
tion today and investment:

Cct + 1 = Y,

where investment obeys the law of motion for the capital stock
kt+1 = (1 — 5)kt —+ it,

assuming a depreciation rate of § € (0,1).

In a competitive equilibrium each household is faced with a utility maximization problem, subject to their own
preferences and budget constraints. Under various sets of assumptions, this problem can be simplified from a n-
household economy to one of a representative agent making decisions over the aggregate quantities (or per capita

quantities). This representative household then chooses an allocation to solve the following problem:

maxz Blu(ct)
t=0
s.t. Zpt[ct + ]{Jt+1 — (1 — 5)kt] S Zpt[nkt + wtlt]
t=0 t=0

0<Il;<1,¢t >0,kt11 > 0,ko known.

Here we assume that the agent’s discount factor 8 € (0,1). As can be seen in the budget constraint, the invest-
ment decision over capital has been substituted in. Instead of a social planner choosing how to divide aggregate
quantities of output between quantities of consumption and investment, the representative agent chooses consump-
tion and next-period capital, given their income from renting out their capital and labor services. Further, we
assume that consumption and capital must be non-negative quantities each period and that the initial capital stock
ko is a known, fixed quantity.

The above problem is formulated in terms of an Arrow-Debreu competitive equilibrium in which the representa-
tive agent makes decisions at date 0, given perfect information about the future and known, fixed prices. Thus, the
price p; represents the price of 1 unit of consumption in period ¢, measured in period 0 units. On the RHS of the

budget constraint, r; and w; represent prices paid to the agent for his capital rent and labor services, respectively.
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These values have a contamporaneous interpretation. For instance, r; states that the consumer will receive r; units
of the consumption good ¢; for renting out his capital k; in that period. In combination with the period t price
level, p;r; states the value of r; units of the period ¢ consumption good, measured in date 0 units.

The economy is also characterized by a firm, which chooses capital and labor inputs to solve the profit-

maximization problem:

o0
maXZpt e — rike — wily]
t=0
s.t. Yy = F(k‘t, lt) Vit
and we have the resource feasibility constraint:

ye = ¢+ kipr — (L= 0)ky V.

Definition 2.1. In this setting, a competitive equilibrium is defined as a household allocation decision ZH =
{(cty kev1, b, y) 1220, a firm allocation decision ZF = {(k{,l{)}g’go and a price system {(pt,re, we)}52, such that,

gilven prices,

1. the representative agent maximizes utility subject to the budget constraint, resource constraints and the transver-

sality condition®,
2. the firm maximizes profits subject to its resource feasibility constraint, and

3. the aggregate resource feasiblity constraint is met (i.e. markets clear):?

F(kt, lt) =c + kt+1 — (1 — (5)]% (GOOdS)
ki =k, (Capital)
=1, (Labor/Leisure)

Let’s now explicitly examine the conditions that must be met for us to have properly defined a competitive
equilibrium. Firstly, notice that leisure (the excess of labor) does not enter the utility function. In this case, we say
that the agent inelastically supplies her labor. So, while agents are given a choice of how much time to commit to
labor and leisure in this setup, they choose [* = 1 in equilibrium, given that the production function and utility are
strictly increasing functions. Thus, the representative agent chooses consumption and capital to maximize utility
and the firm chooses levels of capital and employment to maximize profits. Given a Lagrangian construction (with

a corresponding A multiplier on the budget constraint), the representative agent first order conditions are

[ed] B/ (cr) = Ape =0 (1)
(keea] © = Ape + Appga[reer — (1= 9)] =0 (2)

4The transversality condition can loosely be stated as a boundary condition for models of infinite time. It characterizes the marginal
value of capital in far-ahead time periods in such a way that the consumer does not over-accumulate capital in the limit. For more

information and detail, refer to the appendix.

5Technical note: Specify > 52, pt = T!Lm Z?:o p¢. For this problem to be well-defined, we must have that >-7°  ps < co.
oo
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and the firm first-order conditions are

k] :Fy (ke 1) = 1 (3)
1] :Fy(ke, 1) = wy. (4)

Equations (1) and (2) can be joined to yield the Euler Equation
' (ct)
w'(cetr)

where the last equality comes from exploiting the firm first-order condition on capital in equation (3). This

= Blres1 +1—0] = BlFr(keyr,1) +1 -]

Euler Equation relates the inter-temporal tradeoff that takes place in marginal utility with respect to consumption.
When these conditions are met along with those required by resource feasibility, we have a competitive equilibrium.

Now, given that we have a competitive equilibrium, the first and second welfare theorems imply that we may
recast this problem as one of a social planner’s problem. This allows some simplification to the model: mainly, that
we may temporarily forget about prices and embed the production technology in the household budget constraint.
Thus, we may solve the problem:

)
v* (ko) = max ;Btu(ct)

s.t. ¢t + kt+1 — (1 — (5)141‘ - F(kt7 lt)

where we assume the same non-negativity constraints apply and kg is given. This representation of the problem
is often called the sequence problem (SP) as the value function v* maximizes over an infinite sequence of periods.
Greater convenience in solving such a problem may be achieved through trying to solve a recursive problem in the

form
(k) = max {u(c) + Bu(k)}
st. c+k —(1—=08)k=F(k,1)

Note: Often times, we can embed the depreciated capital term inside a newly-defined production function to
make everything look neater: ¢+ k' = F(k,1) where F(k,1) = F(k,1) + (1 — 6)k. This maximization is known as
the Functional Equation (FE) and it represents the problem as a recursive one, in which an infinite-dimensional
problem is reduced to a two-period problem.

Under the assumptions A4.1-A4.2 in SLP, it can be shown that i) the solution to the SP is a solution to the FE
for any level of kg, and ii) the sequence of capital investment decisions that achieves the maximization to the SP is
the same as that which achieves the max in the FE, and vice versa (given an added limit condition). These results
are embodied in Theorems 4.2-4.5 of the the text.

What is the point of this? Much more is known about the FE in terms of methods to solve and characterize its
solution. For instance, we would like to know if the FE is a well-defined problem. To answer such a question, we
may notice that the functional equation is a contraction. Define the operator T': C(X) — C(X) which maps from

the space of continuous, bounded functions into itself. Then we may view the FE as

Tv(k) = max {w(F(k,1) + (1 —0)k — k') + Bv(k')},
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where we have once again subbed the budget constraint into the objective function input. Under Blackwell’s
conditions, given that this operator i) maps from C(X) — C(X), ii) satisfies monotonicity and iii) satisfies discount-
ing given some S € (0, 1), it is a contraction with modulus 8. Further, under the Contraction Mapping Theorem,
we are guaranteed that a fixed point T9 = ¥ exists and it is unique.®

Once we have defined the conditions necessary to achieve a unique solution to the maximization problem, we
may examine properties of the value function as well as the argmax that achieves the maximizing sequence. In
particular, we denote the functions that determine the optimal path of consumption and capital to be the policy
functions ¢, = c(k;) and ki1 = g(k¢), respectively. Notice that any date ¢ consumption or capital level is determined
by simply re-iterating the function back to date 0 capital stock kg.”

In addition, we may examine some of the inheritance properties that additional assumptions will pass on to the

value function ». In particular, we have
i. If u is increasing and F' is increasing = v is increasing,
ii. If u is strictly concave and F' is concave = v is strictly concave,

iii. If, in addition to the conditions for (ii), u is continuously differentiable and F' is differentiable = v is differen-

tiable.
Optimizing with respect to the sole choice variable k', we have the first-order condition:
u'(c) = pv'(K) ()
and the Envelope condition
v'(k) =/ (¢)[Fr(k,1) +1 -] (6)
which in combining yields
u'(c) = pu' () [Fr(K') +1 = 4],

which is simply the Euler Equation that we also achieved in the competitive equilibrium setup.

6This theorem involves defining a metric space. Thus, since we are dealing with the space of continuous and bounded functions, we
will choose the sup norm as our metric where ||f(z) — g(x)|| = sup|f(z) — g(x)|.

"Notice that the period t + 1 level of capital ksy1 = g(kt) canzbe rewritten as ki41 = g(g(kt—1)) and so forth. Using some abuse of
notation, we may write ki1 = g“rl(ko), Further, the consumption policy function depends on the current-period capital level; thus,

ct = c(kt) can be rewritten as c; = c(g*(ko)).
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2.2 Steady States and Convergence to Steady States

Let us consider the economy at a stationary point for the state variable capital. In the context of our neoclassical
model, a stationary point is defined by a level of capital k* such that g(k*) = k*, which also implies the same,

constant level of period consumption. At this point, our Euler equation above simply becomes
- =Fy(k*)+1-06. (7)

Thus, equation (7) describes a relationship that must be met in order for the economy to be at a point of rest (i.e. a
stationary point). While it is useful to analyze the economy at a stationary point, it is of greater interest to discover
i) if the point is unique, ii) if such a point even exists and iii) what are the dynamics that determine convergence
(or lack thereof) to the stationary point.

In this subsection, we will review a very particular example of a SP/FE problem that does lead to existence
and uniqueness with monotone convergence. In general though, such properties of stability should not be taken for
granted and solutions may not exist under fairly similar conditions/assumptions imposed on the economy.

Let’s now clearly define assumptions on the primitives of the model. We assume that F' and u are continuous,
strictly increasing, strictly concave and continuously differentiable functions that satisfy the Inada conditions. From
these assumptions, it can be shown that there exists a level of capital & > 0 such that F(k) = k and this is the
maximum attainable capital stock, implying that we can restrict our attention to the interval [0, k]. Further, F and
u are bounded, as well.

Given these assumptions, and using the theorems from SLP Chater 4, we know that there exists a functional
equation solution v that is unique, bounded, continuous, strictly increasing and strictly concave. Further, the
corresponding policy function for capital g(k) is a continuous function that is strictly increasing in such a way that

the solution to v has a unique value for all levels of capital k.

Proposition 2.1. Given the above model assumptions, the continuous policy function for capital g(k) is strictly

imcreasing in capital.
Proof. The Envelope condition provides us
u'[F (k) = g(k)] = Bo'[g(k)]
where u, F' and v are strictly concave functions. Now, suppose instead that ¢ is decreasing. Then, we observe

K >k= gk') <g(k)
= pu'[g(K")] > Bv'[g(k)] (strict concavity of v)

= U [F(K') — g(k")] > ' [F(k) — g(k)]. (Envelope condition)

By the strict concavity of u, this implies

and after re-arranging



Econ 8106 Chari Notes

Because F is strictly increasing and k' > k, the LHS of the inequality is positive-valued, whereas the RHS is
negative-valued, by assumption. Thus, a contradiction is attained and the policy function g must be strictly

increasing. 0

What of the stationary points for this model? There exists a trivial stationary point when the incoming capital
stock is 0 (i.e. k = 0). This is stationary because no capital can be produced tomorrow if there exists no capital
today. This is an uninteresting point, and we are more interested in finding interior stationary points in the interval
(0,k]. As we've shown, a stationary point is defined by % = F'(k*) + 1 — 4, which implies k* = F’_l{% —(14+4)}.

Is this actually stationary? Since v is strictly concave, it is a property of such functions that
[v'(k) =" (g(k)lk — g(k)] <0 Vk € [0, K]

and holds with equality (i.e. equal to zero) iff g(k) = k. For the first bracketed term, sub in equation for (5) for
v' (k") (which is v'(g(k)) and sub in equation (6) for v/(k). This leads to

[Fi(g(k)) +1 -6 — %nk —g(k)] <0

We know that at k*, the left term is equal to zero, which implies that k* = g(k*) and this is in fact a stationary
point. What of the dynamics for this system? Since k* is a unique stationary point in the interior, the inequality
above is a strict one when k # k*. Thus, when k < k*, concavity of the production function = F’(k) > % —(1+9),

and vice versa for capital above the steady state level.

Proposition 2.2. Let F,u and (8 satisfy the assumptions above. The corresponding policy function g has two
stationary points at k =0 and k* = F’_l{% — (1 +0)} and for any initial stock of capital ko € (0, k], the sequence
{k:}32,, defined by ki1 = g(kt), converges monotonically to k*.

Image of Figure 6.1 on SLP page 135.

11
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2.3 Linear Approximations

There are two relatively simple general methods for deciding whether a particular system is stable. The first is
known as the method of Liapounov, which is used for establishing global stability. The second approach is based
on linear approximations to the Euler equations. We will examine the implementation and usefulness of this latter
approach. In particular, we often care about the policy function g (where g may be a vector of equations) and
whether or not it is converging to some constant level of capital and at what rate. If the policy function is a linear
one, we can solve the linear system of equations; if the function is nonlinear, we can use counterpart theorems and
linear approximations to solve the system. First, let us review some of the linear theory. Much of what follows is

taken straight from SLP.

Linear Systems

A system of linear difference equations may be written as
Tip1 = a0+ Az, VE=0,1,2, .. (1)

where z; € R", ag € R™ and A is a square matrix. Both ag and A contain constant scalars. If a point Z in this

sequence were stationary, we’d observe
T=ag+ Az =7 = (I — A)"ay,

given that the matrix (I — A) were non-singular. Let us further define the the deviation z; = z; — & and now assume
that both (I — A) is non-singular and the equation z;11 = Az; holds in describing equation (1). If this were true,
then (1) could be equivalently represented by

2z = Alzg. (2)

Characterizing the solution to (1) and hence the convergence of the sequence depends upon characterizing the

sequence {A'}. So, what is known about this sequence? For all ¢, it is a square matrix, implying the decomposition
A= B 'AB, (3)

where B is non-singular and A is the Jordan matrix where A;; = A; for all ¢ = 1,2, ...,k and 0 on the off-diagonal.
Each diagonal component A; has the distinct characteristic roots A; of A on the diagonal, a 1 above each diagonal
element and 0 elsewhere. These characteristic roots are solutions to the equation det(A — AI) = 0.

Why use (3)? Define w; = Bz; and use (2) and (3) to show
Wt :BZt Vt = 0, 17 2. (4)
:BAZt,1
:ABZt_l

=Aw;

:Atwo,

12
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where the powers of the Jordan matrix are easily computed (see page 145 of SLP). For a more applicable rep-
resentation of wy; = Afwp, plug in (4) to the LHS and RHS, explicitly writing out the deviations form for 2 to
get

B(z;—7) = A'B(xg — 7)

=x; =2+ B 'A'B(xg — 7). (5)
Now, two central theorems to take us home:

Theorem 2.1. Let ag be an n-vector and let A be a square matriz in n dimensions. Suppose the matriz I — A is
nonsingular and let T = (I — A)~tag. Then, the tlim xy = T for all sequences {x:} satisfying (1) if and only if the
—00

characteristic roots of A are all less than one in absolute value.

That is to say, given the assumptions, if all the eigenvalues of A lie within the unit +/— unit interval, the
linear difference system converges in the limit. When not all of the characteristic roots of A are less than one in
absolute values, the initial conditions for the sequence {z;} become a factor, and the following theorem specifies

the necessary and sufficient conditions for convergence.

Theorem 2.2. Let ag be an n-vector and let A be a square matriz in n dimensions. Suppose the matriz I — A
is nonsingular and let T = (I — A)~lag. Let B be nonsingular and A the Jordan matriz for A. Suppose the first
m diagonal elements of A are less than one in absolute value and the last n — m are euqal to or greater than one.

Given the system in (1), the tlim zy = T if and only if xo satisfies
—00
To =1+ B_le
with we; =0 fori=m+1,m+2,...,n.

Now, when we move from the clean world of linear difference equations to potentially nonlinear ones, we examine
the system
i1 = h(xy) VE=0,1,2, ... (6)

where we hope to find a linear approximation to the function h at the stationary point Z. If our initial condition
x¢ is close to the stationary point, we can have some confidence that we have a good approximation of the actual

function h. T'll now restate the previous two theorems in terms of a linear approximations to a nonlinear system.

Theorem 2.3. Let T be a stationary point of (6) and suppose h is continuously differentiable in a neighborhood
N of . Let A be the Jacobian matrix of h, evaluated at T. Further assume that I — A is nonsingular. If the n
characteristic roots of A are less than one in absolute value, there exists a neighborhood U C N such that if {x;} is

a solution to (6) with xg € U, then limz, = .
t—o0

13
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What has changed? we are looking at the Jacobian matrix characteristic roots as compared to the roots of the

explicitly-given square matrix A in the linear case.

Theorem 2.4. Let the previous theorem hold but assume that A has m roots less than one in absolute value and
n —m that are equal to or greater than one. Then there is a neighborhood U C N and a continuously differentiable
function ¢ : U — R™™™ for which the matriz [qS; ()] has rank n —m, such that if {x:} is a solution to (6) with

xg € U and ¢(xg) =0, then tlim Ty =7T.

Euler Equations

For this part, we will first address the problem in general notation and then lastly apply the results to our neoclassical
growth model. Further, As in the previous subsection, we will examine the linear case first, followed by the nonlinear
case, using the above theorems. In the neoclassical setting, we care about the evolution and convergence of the
capital stock to some stationary level. Thus, we are interested in the policy function g. While this is the ultimate
objective, we may not be working with enough information to do so; for instance, we may not know if the function
is differentiable or not. Thus, we will instead look at and apply the above results to the Euler equations of the
system.

In generalized notation, consider the problem of

o0
max Z BYF (21, 2141)

t=0
where z; is a vector of n dimensions. Note: F' is not the same as the production function in the neoclassical growth
model. Sorry for the confusion, but I am trying to stay consistent with SLP and Chari’s lecture. F' is commonly
referred to as the return function. The first input of the return function is the x input while the latter is the y

input. In this setting, the Euler equations are
0= Fy(x¢, xi41) + BEL (2141, Tg2) (7)

for all time periods. Given the standard assumptions on boundedness, continuity, increasing and concavity, the
optimal solution to this system is unique. For the linear case, let us suppose that F' is quadratic, which implies that

the first derivatives are linear. The Euler equations can thus be written as
0= Fy +/BFZL’ +Fa/;yxt+ (Fyy+6Fww)xt+1 +5Fa¢ywt+27 (8)

where the first-derivative vectors are [-dimensional and the second-derivative ones are [ x [. Take equation (8) and

plug in a stationary point = to get
T =—(F,, + Fyy+ BFu + BFyy) ' (Fy + BF), (9)

assuming that the first term on the RHS is nonsingular. Given (9) and using the same deviation formula z; = x; — Z,

we can perform painful algebra to get the rewritten Euler equation

0= ﬂileiylF;th —+ Bilinyl(Fyy + ﬁsz)Zt—o—l + Zt42 (10)

14
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which is a second-order difference equation. We can more compactly summarize this within a matrix setup as

Zyy1 =AZ, (11)
Zt+2| J K Zt+1
Zt+1 I 0 2t

where J and K correspond to components of equation (10) above. Further, make note that the A matrix is 2 x 21

in dimension. Now, we make use of the following proposition.

Proposition 2.3. Assume that F,y, and (Fy, + Fyy + BFpy + BFyy) are nonsingular, and let the matriz A be as
defined in (11). Then, if X is a characteristic root of A, so is ﬁ%\
Proof. See page 150 of SLP. O

This theorem implies that if we have a characteristic root less than one in absolute value, then there exists a

corresponding root that is necessarily greater than one in absolute value, given that 8 € (0,1). Further, the A

L

VB
less. This implies that no more than [ roots are smaller than one. The following theorem states that if exactly [

matrix contains 2/ roots, implying that [ are greater than or equal to (in absolute value) while the other [ are

roots are smaller than one, we have global stability.

Theorem 2.5. Let F : R* — R be strictly concave and a quadratic function. Given that Fy, and (F}, + Fy, +
BFy + BFyy) are nonsingular and T is the unique stationary point, if the matriz A has I characteristic roots less
than one in absolute value, then for every xo € R, there exists a unique solution {x:} to the sequence problem such
that tli@}xt =Z.

And now the nonlinear analogue:

Theorem 2.6. Assume that F is twice continuously differentiable in a neighborhood N around the steady state (Z,T).
Let Fyyp, Fyy and Fyy be the derivative matrices, evaluated at the stationary point and assume the nonsingularity of
Fyy and (Fy, + Fyy + BFyy + BFyy). If the matriz A in (11) has | characteristic roots less than one in absolute

value, then for any xo sufficiently close to T, the unique solution {x+} to the sequence problem satisfied tlz'm Ty =T.
—00

The proof defines the nonlinear system with the difference equation

Zyy1 =H(Z)
Tt42 _ h($t+1a$t)
Tt41 Tt41

where the Jacobian of the H matrix, evaluated at the steady state, leads to the matrix A from equation (11); that
is,
0H(Z,%) _ J K _ 4
Oxy11 I 0 '
For the neoclassical growth model, with policy function g, the theorem implies that g must satisfy ¢[g(k), k] =0
for all k € U. Further, if continuously differentiable, we have the derivative ¢’ (k) = —¢; *(k, k)p2(k, k), where k is

the stationary level of capital, through an application of the Implicit Function Theorem.

15



Econ 8106 Chari Notes

The Application

Now, let us formally take a look at the deterministic neoclassical growth model. Here, the return function is simply

the utility function with the budget constraint subbed in:
Fa,y) = ulF(kt) = k]

Once again, apologies for the notation: F' on the LHS is the general return function while F' on the RHS is the

neoclassical production function. Thus, Euler equation (7) is written
0= —u[F(kt) — ki) + BF (kepr )u'[F (K1) — K] (12)
Take a second-order expansion, centered around the stationary point k:
0=—F'u"2 +u"241+BF'"W 21+ BF'F'u' 241 — BF'v' 219
=0=— %u”ét +[(1+ %)u” + BF" |21 — u" 2140, (F'(k) = %)

with deviation notation 2, = k, — k and each function is also evaluated with stationary point inputs. Given the
model assumptions, we know that v’ > 0, F’ > 0 and F” < 0. Using equations (9) and (10) from the general
setting,

F,, = —%u" and Fyy+ (14 B)Fyy + BFue = Bu'F".

Thus, the system in (11) becomes

G| _ |1+ Bt —E| |0 (13)
2t+1 1 0 ZAt
which leads to the characteristic equation for this “A” matrix:
1 F'/F 1
Ao — 14+ = A+-—-=0. 14
2 [+B+u”/u’]+6 (14)

After some examination, you should be convinced that there exists two positive roots for this equation; further,
one is less than one while the other is greater than %.8 Without loss of generality, let’s make A; the smaller of the
roots. Thus, we have

1
0<)\1<1<E</\2.

After a use of the square matrix decomposition, Theorem 2.6, we get

which leads to an approximation on capital stock convergence
kipr =k + g (k)[ke — k] = k + M [ke — k). (15)

Given \; € (0,1), we are guaranteed stable convergence to the steady state k.

8See graph on page 155 of SLP.
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3 Measure Theory and Markov Processes

When the neoclassical growth model is extended from a deterministic setting to one involving stochastic shocks
to the economy, measurability issues arise, as well as the desire to properly characterize (and be confident in) the
convergence of relevant measures of probability. Doing so requires a detour into the topic of measure theory. Further,
in providing some structure to the nature of the model’s stochastic shocks, it is often useful to characterize the
process as a Markov process so that we may leverage off the topics well-established results. For the course, the main
results and theorems are informally presented and the material does not appear to show up in test-taking settings.
With that being said, this material is nonetheless essential to fully understand what’s going on underneath the
hood, so to say. This section is presented at the most general level possible, covering the most basic and necessary
definitions and theorems. The following notes are taken almost exclusively from SLP Chapters 3, 11 and 12, as well

as from Sergio Ocampo-Diaz’s Math 2015 Summer Camp notes.

3.1 Introduction to Measure Theory

Definition 3.1. Let S be a set and let 2 be a family of subsets of S. 3 is called a sigma algebra if
. 0,Sex,

ii. AeX = A € ¥, and

. Ap €X Vn=1,2,... = U,A, € 3.

Parts ii) and iii) of the definition are referred to as closed under complement and closed under countable union,
respectively. The o-algebra can be as simple as containing just the empty set and the set 2 or, on the opposite

extreme, can be the collection of all possible subsets of €.

Definition 3.2. Let a set A be a collection of subsets of S and define ; be the set of sigma algebras that contain
A. Then, B =n;%; is the sigma algebra generated by A.

We call the pair (S,X) where S is any set and ¥ is a sigma algebra is called a measurable space and any
set A € X is called Y-measurable. The set A is measurable with respect to the sigma algebra ¥ if its elements
are identifiable in the sense that outcomes represented in A can be told apart from other outcomes, given the

information in . A sigma algebra of special importance is the Borel sigma algebra.

Definition 3.3. Let S = R and X the set of open and half open intervals. The Borel algebra, noted by B is the
sigma algebra generated by ¥. Any set B € B is called a Borel set.

So, the Borel algebra is the smallest sigma algebra that contains all of the open sets in the real line. This notion
can of course be generalized to higher, arbitrary dimensions; further, the Borel algebra can be defined for any metric
space as the smallest sigma algebra containing all the open balls.

Now, let us explicitly define what is meant by measure. Given a measurable space (S, X), a measure is simply a

function p : ¥ — R with certain restrictions to guarantee consistency.
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Definition 3.4. Let (S,%) be a measurable space. A measure is an (extended) real-valued function that satisfies

the following conditions:
i. p(0) =0,
it. p(A) >0, VAeZX,

iii. p s countably additive; that is, for every disjoint, countable sequence {A,}22  in X,

p(UA,) = ZM(An)-
iel
If u(S) < oo, then p is called a finite measure. Further, if ;4(S) = 1 then pu is said to be a probability measure.
A triple (S, %, 1) where S is a set, 3 is the sigma algebra and p is the measure is called a measure space.” The

triple is called a probability space if i is a probability measure.

Definition 3.5. Let (S,X, 1) be a measure space. A proposition is said to hold almost everywhere or almost

surely if there exists a set A € ¥ such that u(A) = 0 and the proposition holds only in A°.

An example can be drawn from when comparing different functions that are similar to each other. We can say that
two functions (f and g) are equivalent almost everywhere, implying that f(x) = g(z) and the A = {x : f(z) # f(y)}

has a corresponding measure pu(A) = 0.

Measurable Functions and Lebesgue Integration

One can think of a function as mapping certain events in a given measure space to outcomes in another measure

space. A function is measurable if the sets that induce a given outcome are measurable.

Definition 3.6. Given a measure space defined by (Q,%, 1), a real-valued function f: X — R is measurable with
respect to ¥ (i.e. Y-measurable) if
{reX:f(z)<a}eXx VaeR

This definition is not as general as it could be, but it sufficient, given our focus in the course. If the domain in
question is a probability space, then f is called a random variable, where the function maps into the Borel sigma
algebra. We now introduce two types of functions: an indicator and a simple function. Let (S, X) be a measurable

space and consider the indicator function x4 : S — R defined as
1 ifseA

XA =
0 ifs¢g A

90ften times, it is easier to establish a measure on what is known simply as an algebra, which is in some sense smaller than the
sigma algebra. The two definitions differ in the sense that algebras pertain to subsets closed under finite unions and intersections, while
sigma algebras deal with countable unions and intersections. Generally, it is easier to define a measure on an algebra but to instead
work with a sigma algebra and all of its properties. This can be achieved through the application of extension theorems which prove
the unique equivalence of measures between algebras and sigma algebras. For convenience, these are left out. More detailed notes exist

in Chapter 7 of SLP.
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for some set A € 3. These functions are measurable, given that the set A is contained within the sigma algebra.

Now, consider functions that are finite-weighted sums of indicator functions. A simple function is defined as
n
B(s) = Y aixa,(s),
i=1

where {A;}" , is a sequence of subsets of S and the a; are scalars. Using this, we can find a convenient result,
showing that any measurable function can in fact be expressed as the pointwise limit of a sequence of measurable

simple functions.

Theorem 3.1. Let (S,X) be a measurable space. If f : S — R is measurable, then there is a sequence of measurable

simple functions {¢,} that converges pointwise to f. If f > 0, the sequence can be chosen such that

We now proceed to address the issue of integration and make use of the Lebesgue integral, which is in some sense
a generalization of the Riemann integral. The Lebesgue is used because it is applicable to the class of measurable
functions, which is in fact larger than the space of Riemann integrable functions. The Lebesgue integral of a function
f S — Ry is constructed by taking grids over the range of the function (i.e. the a;’s with 0 < a1 < as < ... < ay).
From there, we define the set A; = {s € S : a; < f(s) < a;4+1} and the sum > a;u(4;). The integral is simply the
limit of this sum as the difference in distance between the y’s shrinks to zero. First, look at the integral for simple

functions.

Definition 3.7. Let (5,3, 1) be a measure space and let f : S — Ry be a simple, measurable function with finitely

many values. The Lebesgue integral over the set A C S is defined as

[ 1) =Y win(a)
A i
where we define the set A; as
A;={se€A: f(s) =y}
Now, let’s proceed to the more general case of any nonnegative and measurable function.

Definition 3.8. Let (S,%, i) be a measure space. A measurable function f : S — Ry is said to be integrable on a
set A if there exists a sequence {fn} of integrable, simple functions converging uniformly to f on A. The Lebesgue

integral is thus defined as
[ 1) =tim [ fa(5)d
A A

An alternative definition makes use of the supremum of a set of simple functions, related to the function f.

Under this approach, we would define the integral as

/ f(s)dp = sup{/ fndp: 0 < fo(z) < f(z),where f,, are simple functions}.
A A
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3.2 Markov Processes

When dealing with a stochastic environment, measurability issues may arise and this forces us to provide some
structure to the environment. For instance, using the functional equation in the presence of stochastic shocks,

labeled as s, we may consider the equation

o(z,5) = max [F(z,y,5) + B /S oy, s')u(ds)] (1)

yel'(z,s)
where x represents the state variable, y the decision variable, chosen from the feasible correspondence I'. In this
problem, the agent observes a stochastic shock today s and must choose y, given the current-period return function
F and the discounted, expected value of future utility, represented by the second component of the RHS. This is
an ezpected value because the agent doesn’t observe tomorrow’s shock s’ but does observe the disribution of s,
according to the measure p. While reasonable, this approach is limited. In particular, future shocks may change or
exhibit serial dependence, while (1) leaves the distribution unchanged. To accommodate this more general setting,

we must consider functional equations of the form

v(z,8) = max [F(z,y,s) +ﬁ/ v(y, s )Q(s,ds")] (2)
y€el(z,s) s

where Q(s,-) represents a probability measure, depending upon the value of today’s shock s. Under the right

restrictions, the function @ is called a transition function. We now formally define this function and state some of

its properties.

Definition 3.9. Let (S,X) be a measurable space. A transition function is a function Q : S x ¥ — [0,1] such

that
i. for each s € S, Q(s,-) is a probability measure on (S,X%), and
it. for each A € ¥, Q(-, A) is a measurable function, with respect to the sigma algebra.

Part (i) is simple enough to understand: you give me a realized value s from the possible set S and @ maps to
the probability of observing any possible value tomorrow s’. Part (ii) is less intuitive and less important for our
purposes. Note: the second input to @ can be a set. If this were the case, then @) would provide the probability of
any event s’ € A of occurring, given the realization of s. Now, we proceed to define two operators associated with
the transition function. Let @) be a transition function on a measurable space (5, X). For any measurable function

f, define the Markov operator T'f as

(TF)(s) = / f(5)Q(s,ds’) Vs e S, (3)

Recall that Q(s,-) is a probability measure; thus, T'f is well defined and we can interpret (T'f)(s) as the expected
value of f next period, given today’s realization of s. Next, for any probability measure p on (5,%), define the
adjoint of T T*pu as

T = [ Qs Au(ds) ()
for all A € ¥. Given that Q(-, A) is a measurable and bounded function (by definition), the function T™*p is well
defined, as well. Further, we may think of (7*u)(A) as the probability that the state next period lies in the set A,

given the current realization of s, today.
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A few notational inclusions follow. For any measurable space (S,%), M (S,) is the space of nonnegative,
measurable, extended real-valued functions, B(S,X) is the space of bounded, measurable, real-valued functions and
A(S,Y) is the space of probability measures on the aforementioned measurable space. Given this, we now post a

couple results with respect to the operators T'f and T*pu.
Theorem 3.2. The operator T'f defined in (3) maps Tf : MT(S,%) — MT(S,%).10
Theorem 3.3. The operator T*u in (4) maps T*p : A(S,X) = A(S, X).
Now, we proceed with an important theorem that establishes the connection between the two operators.

Theorem 3.4. Let Q be a transition function on the measurable space (S,%) and consider the Markov operator

and the adjoint of T. For any function f € MT(S,%),

Janwutas) = [ 1)@ n@s) = [ [ 16)Q0.dsutds) e AS.) )

Equation (5) computed the expected value of a function tomorrow, and the theorem shows that one can compute
this expected value with either operator. This is particularly useful in a dynamic programming when we are
interested in computing the expected continuation wutility, which is composed of the value function as in equation
(2). The transition function can be used not just for period-to-period probabilities but for n-step probabilities. In
particular,

Q5. 4) = (1Q(, A)(s) = [ @"(5' Qs d) ©)
is the probability of ending up in state A n+1 periods from now, conditioned on the realization of shock s today. This
can be computed through successive iterations of the Markov operator or through integrating over the transition
function raised to the n'" power.

Sometimes we may wish to impose stronger properties on the stochastic environment (specifically, on the T
operator) to attain different results. Two mentioned here are the Feller property and the notion of monotonicity of

the transition function.

Definition 3.10. A transition function Q on (S,X) has the Feller property if the associated operator T' maps the
space of bounded continuous functions on S into itself; that is, T : C(S) — C(9).

This is a stronger assumption as the space of continuous bounded functions is obviously a subset of B(S,X).

Definition 3.11. A transition function Q on (S,X) is monotone if the associated operator T has the property

that for every nondecreasing function f : S — R, the function Tf is also nondecreasing.

For example, if we have some return (or value) function that is increasing in its state variable, the expected
value of that function (as represented by the Markov operator T'f) will also be increasing in the state variable.

t = (s1,...,8;) to

Let’s introduce some notation to examine (partial) histories of stochastic shocks. We use s
represent a particular history of shocks, up to period ¢t < co. In addition, let (5,3) be a measurable space and
denote

(S5, =(Sx..x 8, x..x%)

10Theorem 4.2 also implies that the operator T'f also maps T'f : B(S,%) — B(S, ).
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as the product space, where each S, and ¥ is repeated ¢ times above. We can then define the probability measure
:ut(SOv ) as

u(so, B) :/ / Q(st—1,dst)Q(St—2,dst—1)...Q(s0, ds1)
Ay A1 J A

for any rectangle B = A; x Ay x ... x A; € ¥t Notice that this probability measure is not just the probability of
ending up in state Ay, given initial shock sy but is the probability of arriving at A; hrough the particular string of

intermediate sets specified in B.

Definition 3.12. Let (2, F, P) be a probability space. A stochastic process on (2, F, P) is an increasing sequence
of sigma algebras (known as a filtration) Fy C Fo C ... C F, the measurable state space (S,X) and a sequence of

functions oy : Q — S such that each oy is measurable with respect to F;.

Each function oy is a random variable that takes a value on the set of possible shocks S, given the occurrence
of some event on 2. Actually, a stochastic process is simply the family of random variables o; presented above,
whereas the definition is technically describing a stochastic process that is adapted to the filtration {F}. In most
cases, we simply consider (S,X) = (R,B) where B represents the Borel sigma algebra. The reason that the sigma
algebras are increasing is because each date ¢ sigma algebra JF; represents the sets of all possible random shocks
today, as well as the all possible histories. Therefore, it naturally follows that the number of possible histories grows
as t becomes larger. Let w € Q be a fixed element of the sigma algebra; then, (o1(w), 02(w),...) is called the sample
path of the stochastic process.

Now, let’s define the probability of a certain path. In particular, let C € S™ and write

Prit,4n(C) = P{w € Q2 (0141(w), ., 0t4n(w)) € C}) (7)

as the probability that the sample path lies within the set C from periods t + 1 to t + n. A stochastic process is
deemed stationary if the probabilities P11, ;4 (C) are independent of ¢, for all n and all C' € S™. Before defining
a Markov process, we need to quickly establish the notion of conditional probability. Pit1,. . 14n(Clai—s, ..., a1—1, ar)
is the conditional probability of the event {w € Q : [o441(w), ..., 0r4n(w)] € C}, given that the event {w € Q: o, =
a;, T =1—8,....,t —1,t} has occurred. Thus, given additional information about what is known to have occurred

in past periods has an affect upon the future probability of events.

Definition 3.13. A (first-order) Markov process is a stochastic process with the property that
P, t4n(Clar—s, ...;ar—1,a:) = Pig1,. 140 (Clay) (8)
forallt=2,3,..., foralln=1,2,..., foralls=1,2,....t — 1 and for all C € S™.

The first-order process simply implies that the probability of some future path is independent of all past obser-

vations except for the most recent period. This can of course be generalized to higher-orders. If the conditional

probability P;;1(A|a) is independent of ¢ for all a € S, the Markov process is said to have stationary transitions,

which is different from a stationary process. One more definition!

Definition 3.14. Let (X, 2") and (Y, %) be measurable spaces. A stochastic kernel on {X, %} is a function
P: X x% —[0,1] such that
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i. for each a € X, P(a,-) is a probability measure on (Y, %), and
it. for each B € %, P(-, B) is an 2 -measurable function.

Thus, a transition function is a stochastic kernel where the two spaces (X, 2") and (Y, %) coincide with one

another.

3.3 Convergence of Markov Processes

In the deterministic neoclassical growth model, we were able to characterize some properties of the steady state
for the capital stock (denoted k or k*) and examine settings in which certain model assumptions on the primitives
led to global, monotone convergence. Within the context of the model, this implied that given any initial stock
of capital, rational agents would continually choose future capital k;11 in a way that eventually converged to a
constant k*, and there the model would stay forever. With the introduction of stochastic shocks to the model, the
notion of stationary points and convergence must be adjusted since Markov processes do not, in general, converge
to a constant value. Recall that for the stochastic growth model, the state of the economy in any given period
is summarized by both the aggregate capital stock and the current period shock. Also in this model, we are
given/derive the law of motion for capital ¢, the policy function for capital g and the transition function for the
stochastic shock Q). Moving forward, the idea is that if we are given ¢, g and @), we can formulate another transition

function P to determine the probabilistic evolution of the states of the economy through time.

3.3.1 Finite State Space and Markov Chains

Recall that for a transition function @ on a measurable space (S,Y), the adjoint operator T* maps the set of
probability measuresA (S, Y) into itself. Thus, if we have the date 0 probability measures g, then we can use the
adjoint operator to recursively arrive at the date ¢ measure by means of y; = T*u;—1. Thus, if we are interested
in the convergence of the stochastic process {s;}, it makes sense that we should be interested in convergence of
the probability measure {u:}, as well. We call a probability measure p* an invariant probability measure if
being the probability measure over s; in period ¢ implies it is also the probability measure over s;11 in period ¢+ 1.
Put more technically, an invariant probability measure is a fixed point of the adjoint operator; that is, T*p* = p*.
This section deals with defining properties of the transition function ) that are sufficient to guarantee existence,
uniqueness, convergence and robustness.

To begin, let us first start with cases in which the state space S consists of a finite number of elements, such
that S = {s1,...,s;} and ¥ contains all the subsets of S. A Markov process on a finite state space is called a
Markov Chain. When S is a finite set, a probability measure on the space is a vector p in the /-dimensional
simplex: Al = {p € R' : p > 0and>_ p; = 1}. Thus, we use the Markov matrix: the [ x [ matrix IT such that
individual elements m;; = Prob(s;, {s;}). In this context, individual rows represent todays shock s, whereas the
columns represent states tomorrow. Therefore, each row must sum to unity, across all future states of the world. In
addition, let e; be an I-dimensional row vector with 1 in the i*" position and zeros elsewhere. Now, a couple quick

tricks:
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i. If the current state is s;, then denote todays probability distribution as e; such that the distribution over next
period’s state is

eiH = Ty,

ii. If the unconditional distribution over period ¢’s state is the p, then the distribution over the state in period

t+ 1 is given by
1
pj = Zpﬂfij
i=1
for all states tomorrow j = 1,...,1.

For (i), because today’s state has been realized and is s;, there is certainty that s; has occurred; thus, we may use
the distribution e;. For (ii), we do not know the outcome of state ¢ and our instead given a distribution of outcomes.
To arrive at a probability of state j in period ¢t + 1, we multiply the probability of any state ¢ in £ + 1 times the
probability of going from state i to j in period ¢ + 1, and then sum these terms. Note: (ii) is a scalar.

Part (ii) above generalizes for the entire Markov matrix II. In particular, if the probability distribution over the
state in period t is p, then the probability distribution over the state two periods ahead is pII? and this can be done
for arbitrary n-step transitions. Further, if the initial state shock is s;, the the probability distribution over states n

periods ahead is e;II". Thus, it makes sense to look at the sequence {II"} which is a sequence of Markov matrices.

Definition 3.15. A set E C S is an ergodic set if prob(s;, E) =1 for s; € E and no proper subset of E has this
property.

Essentially, when dealing with Markov matrices, an ergodic set is a set of elements in the state space where
there is zero probability of leaving that set. This notion is best understood through examples. Refer to Chapter
11 of SLP and/or other internet sources for this aid. When each row vector of the Markov matrix II converges to

a constant for the limit of II", we call this an invariant distribution.

Theorem 3.5. Let S = {s1,..., 8} be a finite set and let the Markov matriz I1 define transition probabilities on S.
Then

a. S can be partitioned into M > 1 sets,
b. The sequence {* Zz;é I*}o° | converges to a stochastic matriz Q, and
c. Each row of Q is an invariant distribution.

Note that this theorem does not say that the sequence {IT*} converges; instead, it is the average of matrices in
the sequence that will converge. While multiple ergodic sets can occur, we would like to find a set of conditions to

guarantee that only one unique ergodic set arises.

Theorem 3.6. Let S = {s1, ..., 51} be a finite set with the Markov/transition matriz I on states in S. Then II has
a unique ergodic set if and only if An > 1 for which at least one column of TI"™ has all strictly positive probabilities.
In this case, I1 has a unique invariant distribution p* such that each row of @Q is equal to p*. Thus, for any initial

distribution po, po@* = p*.
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The necessary and sufficient requires that there exists some state j such that for all states i, there is a positive
probability of ending up in state j in n periods. To prove the unique convergence of the sequence {poI1*} for any
given initial distribution py requires use of the Contraction Mapping Theorem. Lemma 11.3 and Theorem 11.4
of SLP provide the necessary machinery to achieve such a result and they are left out here to save on space. To

summarize, the main results are

1. S can always be partitioned into 1 or more ergodic sets and the sequence of averages {% ZZ;S I1*}°° | converges

to a stochastic matrix Q where the rows of ) are invariant distributions.

2. If the conditions of Theorem 3.6 hold, there is a unique ergodic set. In this case, all the rows of () are identical

where each row vector p* is the same unique invariant distribution, and

3. If the conditions of SLP Theorem 11.4 hold, the sequence {II"} converges to @ and the sequence {p,} = {polI"}

converges to the invariant distribution p*.

3.3.2 Weak Convergence

We now proceed to define more general cases of convergence in which the state space is potentially not a finite set

as well as provide two separate definitions of convergence.

Definition 3.16. Let (S, p) be a metric space, let {p,} and p be measures in A(S, B) and let C(S) be the space of
bounded, continuous, real-valued functions on S. Then {u,} converges weakly to 1 if

lim | fduny :/fdu Ve C(S).

n—oo

This definition pertains to the limits of the expected values of the class of function in C(S). Weak convergence
is very often all we care about in the context of describing the dynamics of an economic system. However, there is

a stronger concept that is worth mentioning.

Definition 3.17. Let (S,X) be a measurable space and let {u,} and p be measures in A(S,3). Then {u,} con-
verges strongly to u if
lim | fdu, = /fd,u Vf e B(S,X)

n—oo

and if in addition the rate of convergence is uniform for oll f € B(S,X) such that ||f|| = sup|f(s)] <1
ses

where B(S,Y) refers to the space of bounded, measurable functions with respect to the sigma algebra X. SLP
prefers to present the topic of proving uniqueness and convergence in the strong sense because it parallels the same
methods employed for Markov chains in a finite state space. While this is helpful, it is excluded from these notes,
as we generally only care about characterizing weak convergence of Markov processes in this course and in the SLP
text.

For the remainder of this section, we will be concerned with sequences {u, }5°, of probability measures defined
by pin+1 = T p, where pg is the initial probability measure and T™ is the adjoint operator. A probability measure
u* is called invariant under T if it is a fixed point of the operator; that is, T*u* = p*. We will assume that (S, p) is

a metric space and £ is the Borel sigma algebra. The objective is to find one or more families of sets &/ C % such
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that convergence of the measures of sets in &/ implies weak convergence. The following theorem provides several

different ways in which to characterize weak convergence.

Theorem 3.7. Let {u,} and p be probability measures on (S, %). Then the following four conditions are equivalent:

a. lim [ fdun = [ fdu Vf € C(9),

b. for every closed set F, lim suppn,(F) < p(F),

n—oo

c. for every open set G, lim infu,(G) > u(G), and

n— oo

d. lim tn(A) = u(A), for every set A € B with n(0A) =0
where A is the boundary of A.

Part (a) corresponds to the previously provided definition of weak convergence whiles parts (b) and (c¢) provide
set definitions for convergence. Theorem 3.7 highlights the variety of ways in which one can prove weak convergence,
given the problem at hand. Note: The definitions of convergence above are also known as convergence in distribution,
which may be a more familiar term and concept to you. Theorem 3.8 provide a criterion for weak convergence in a

finite-dimensional Euclidean space.

Theorem 3.8. Let {{1,} and p be probability measures on (S, ) where S C R!, and let &/ C B be a family of sets
such that

a. o is closed under finite intersection, and
b. for every x € S and € > 0, there exists A € & such that x € ACAC b(x,e€),

where A denotes the interior of A relative to S and b(x,€) is the epsilon ball around x with the metric p. Then

wn(A) = u(A) for all A € o7 implies p, — p.

Now, a brief review of the main theorems that provide sufficient conditions for the weak convergence of a Markov
process. In what follows, we assume that the set S C R, We use the transition function P on the measurable space
(S, P) with the operators T : B(S, %) — B(S,#) and T* : A(S,B) — A(S,PB). Further, recall that a transition
function P has the Feller property if for any bounded, continuous function f, the function T'f is also continuous
(that is, T[C(S)] € C(S) ). Also, a transition function P is monotone if for any bounded, increasing function f,

the function T'f is also increasing.

Theorem 3.9. If S C R! is compact and P has the Feller property, then there exists a probability measure that is

invariant under P.

For the proof, such an invariant measure turns out to be the sample average of the iterations of the adjoint

operator.t!

Theorem 3.9 does not rule out the existence of multiple invariant distributions in the limit. To
achieve results for convergence to a unique, invariant distribution, we use the additional stronger assumptions of

monotonicity and Assumption 3.1

HTheorem 12.10 with proof in SLP.

26



Econ 8106 Chari Notes

Assumption 3.1. There ezists c € S,e > 0 and N > 1 such that PN (a,[c,b]) > € and PN (b, [a,c]) > €

This assumption is referred to as a mizing condition used to ensure uniqueness of the invariant measure and
further imposes boundedness conditions on the expected value of any bounded, measurable and nondecreasing

function.

Theorem 3.10. Let S = [a,b] C R!. If P is monotone, has the Feller property and satisfies assumption 3.1, then
P has a unique invariant probability measure p* and T*pg — p* for all py € A(S, AB).

Thus, Theorem 3.10 characterizes conditions of a transition function that are sufficient for guaranteeing weak
convergence to an invariant probability measure. These results have applications within the framework of the course,

including topics in stochastic dynamic programming, incomplete markets and more.

4 The Stochastic Neoclassical Growth Model

Convergence to a steady state in the standard growth model implies smooth convergence to some constant level.
Modern macroeconomic data seems to contradict this description, as aggregate time series often show continued
growth in the levels of consumption, capital, etc. Thus, a standard fix to such issues is adding some trend in growth
to the data, in terms of technology and population. Even then though, these time series do not conform well to
historic data, as history is wrought with the ups and downs of the business cycle. Thus, a logical extension to the
standard model is the introduction of uncertainty or randomness. While this can be accomplished in different ways,
our simplified model will simulate randomness through stochastic shocks to the productivity factor associated with
the production function. While the solution approach is made more complicated, much of the same methods and
results are achieved here as in the deterministic case.

As a first step, let us slightly augment the neoclassical production function to include a productivity factor A,
which is a random variable, susceptible to a finite set of possible values in any given period. Thus, period ¢ output

is now

At(St)F(k't, lt),

where A;(s?) is a function of the history of random shocks s* = (s, s1,...,s;). Here, the superscript implies
the history while the subscript implies the realized shock at the given date. Further, we assume that the shocks
occur in some discrete and finite space. In this sense, all of the quantities in the model are now functions of this
randomness; thus, we write (c;(s?), ksr1(s), ye(st), l:(sY)).

Under this setting, the representative agent is faced with the following maximization problem:
0" (ko) = max 3 3B (e ())
t st
st > Y pr(shen(sh) + ks (sh) = (1= Oke(s ] =D pa(sh)wi(s)(s") + re(s) k(s 1))
t st t st

along with the usual non-negativity constraints. Note that the measure p;(s?) is a probability measure such
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that >, pe(s’) = 1.2 In addition, the firm chooses inputs to maximize profits in the problem
max DD pelsHlye(sh) = relsh k] (s7) — we(s)I] (s")].
t st
st y(st) < A(sH)F(k] (sY))
and the aggregate resource feasibility requirements

ke(s™) = K (s")
L(sh) = 1 (s")

ce(s") + keaa(s') = A(s") P (k] (s")).

Notice that the firm’s demand for capital inputs, which is influenced by the date ¢ shock, is restricted by the
amount of capital that consumers chose in the previous period, which is only influenced by shocks up to date ¢t — 1.
To add more structure to the nature of the stochastic shocks, let us assume that the distribution of a specific

date t + 1 shock s;y1 behaves as a first-order Markov Chain and may be written as

w(se41]8") = p(s¢41/5¢) = the probability of event s, given the realized s;.

In the general setting, a shock is conditioned on the history of shocks s?, whereas now it simply is a function of
last period’s value. These probabilities can be further represented by a transition matrix P where the element P; ;
represents the probability of sy 1 = state j tomorrow, given s; = state i, today. Thus, rows represent the current
state and columns represent possible future states. As covered in Chapter 3, we must have ) y P ;=1 Vi

The first welfare theorem implies that we may rewrite the representative agent’s problem as the social planner’s

problem:

max Z Zﬂtu(5t|5t—1)u(0t(5t))

{320 {ke+132,

st ci(sY) F kp1(st) = A(s)F(k(s71) + (1 — 0)ke(s1)

or we may equivalently rewrite this stochastic sequence problem as the stochastic functional equation, also known
as the Bellman equation:
v(k, s) = max{u(c) + 3 E u(s'|s)v(k',s")}
c,k’ 7
s"|s

st. c+k <A()F(k,s)+ (1—0)k

where both problems are subject to the same non-negativity constraints on consumption, labor and capital.
Notice what has changed for the FE: in the deterministic neoclassical growth model, the state of the economy was

entirely summarized by the level of capital k, whereas now, the state of the economy depends upon the capital

12The summation over >4t can be interpreted as the possible realizations of s; that may occur at date ¢, given the observed history
(80,81, ..., St—1). Thus, the probability measures p¢(-) are represented as unconditional probabilities, but technically depend upon the

path of shocks that have already occurred.
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stock and current-period shock s. Under weak conditions, we have v*(k,s) = v(k, s) and through applications of

the Blackwell conditions, we can once again show that a unique solution exists.!3

Definition 4.1. The conditional distribution function u(s'|s) is monotone if for all increasing functions h(s'),

S h( )l )s) = 3 h(s (s 13)
if and only if s > §.

Notice that this definition coincides with the more general definition of a monotone transition function: the
Markov operator, which computes the expected value of the increasing function h, is an increasing function, as well.
Let us further define (without loss of generality) a natural ordering of states that exists for the random variable
A(s). That is to say, let us assume that A(s) increases in s. Under this stochastic setup, the same inheritance

properties can be endowed upon the value function. These are
i. If uw and F are increasing functions, this implies v is increasing in k.
ii. If w is strictly concave and F' is concave, this implies v is strictly concave.

iii. If, in addition to the conditions for (ii), u and F' are continuously differentiable, this implies v is continuously

differentiable.
iv. If p is monotone, then v is increasing in s.

Through the Theorem of the Maximum, the policy functions c(k,s) and g(k, s) are single-valued, continuous
functions. Further, by the monotonicity of u, these policy functions are increasing in both k£ and s. Thus, higher
levels of capital and higher levels of positive productivity shocks, leads to an increase in the optimal level of both

consumption and capital investment.'*

5 Search and Unemployment Models

A useful subset of models that lends itself to stochastic dynamic programming is those dealing with search and
unemployment for some agent worker. These models attempt to characterize the matching process that takes
place between a worker and hiring firms. This section will present a very basic model (known as the McCall
model) to introduce some of the fundamental concepts. One thing that becomes apparent very quickly with these
models is that there exists a variety of small adjustments that can be introduced into the modeling environment
in an attempt to capture real-life dynamics in the job matching market. While these models may be only briefly
discussed in recitation, they do seem to make appearances on course exams as well as the midterms; therefore, they

merit some attention. The following notes are taken entirely from Chapter 6 of Ljungqvist and Sargent’s text.

13For the case in which the distribution of the shocks is continuous, the stochastic Bellman equation simply integrates over the domain

of possible values. We use the form v(k, s) = maz{u(c,s) + 8 [v(k’,s')dG(s'|s)}, where G(s'|s) is some conditional distribution CDF.
4Note that when the stochastic process s is assumed to be independent and identically distributed, the conditional distribution

function p¢(s¢y1|st) simply becomes p(st+1) and is defined as monotone, trivially.
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5.1 Mathematical Preliminaries

First, we must briefly review a couple useful results from probability theory. For this section, we will utilize some
cumulative probability distribution function F(p) = Prob{P < p} where we assume that F'(0) = 0, implying that
p only takes on non-negative values. Lastly, we also assume that these distributions have some upper bound B
such that we observe no p larger and where F(B) = 1. Together, these imply that there exists zero probability of
observing an observation p outside of the interval [0, B]. In addition, given some CDF, the expected value of the

random variable p, denoted E[p| is defined by

B B
EM:APM@:APNM% (1)

where f(p) denotes the probability density function for the random variable. Given some manipulation, we also

have the equivalent expression for the mean

B
EM=B—A F(p)dp.'® (2)

In this section, we will deal with situations in which the economic agent must maximize his decision over a set
of discrete choices. Thus, we will encounter use of the max operator. Note, for n independent and identical draws
of p; from the cumulative distribution function F(p), the Prob{max(Py, P, ..., P,) < p} = F(p)".

Lastly, we introduce the concept of a mean-preserving spread. As can be grasped from the title, this refers to
analyzing/comparing multiple distributions which are characterized by the same mean. In particular, we consider
a class of distributions, indexed by some parameter r in the set R. We assume that F(0,7) = 0 and F(B,r) =1
for all possible distributions in the set/class. These distributions carry the same expected value for the random

variable p; thus, we write B
/ [F(parl)_F<paT2)]dp:O (3)
0

Further, two distributions, indexed by 71 and ry satisfy the single-crossing property if there exists a p € (0, B)
such that
F(pv,rQ)_F(pﬂﬁl) SO When pZﬁ (4)

and vice versa, whereby both inequality signs are flipped. Essentially, this property states that as p increases in
value from 0 to B, the difference will switch from negative to positive value at only one point p. These are CDF's so
this means that at p, there is equal probability of observing values below (or above) p across the two distributions.

Further, there is more probability mass to the left of F(p,r1) for all p larger than p. When properties (3) and (4)

15This can be obtained by applying integration-by-parts formula f; udv = uv — f: vdu and evaluate at the endpoints {0, B}. Thus,

we have
B B B
| wirw =ore)|] = [ Fwa
B
~[B(1) — 0F(0)] / F(p)dp
0

B
:B—/O F(p)dp.
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are observed together, we say that the distribution indexed by ro has been obtained from the distribution indexed

by r1 by a mean-preserving spread. These two conditions, imply

/0 (Flp.ra) — Fpor)ldp >0 Yy € [0, B, (5)

5.2 The McCall Model

Here we present McCall’s model of intertemporal job search. We consider an unemployed worker who is searching
for a job under the following circumstances: each period the worker draws an i.i.d. offer from the wage distribution
F(w) where F(-) has the same properties as before, including the boundary conditions [0, B]. The worker may
either reject this wage offer, and receive unemployment compensation ¢ > 0 that period, or may accept the offer,
receiving w for the period and every period forward. This game takes place over an infinite horizon. This model is
indeed simple as neither quitting or firing is permitted.

In period ¢, the worker’s income is denoted y;. This worker chooses whether to accept or reject the offer in
attempt to maximize lifetime expected utility Zfio Bty;, where the discount factor 3 is assumed between 0 and 1.
What are the factors that determine acceptance or rejection in this environment? Given that the worker is aware
of the properties of the cumulative distribution function, he may choose to forego an offer w; > ¢ today because it
is highly probable that future offers will be even larger than w;. Thus, he will incur some opportunity cost in the

pursuit of a higher future wage. The value function v(w) satisfies the Bellman equation

v(w) = mazx {L c—&—ﬁ/o v(w')dF (w')}. (6)

accept,reject ~ 1 — 67

A common way to analyze these problems is to identify/determine a reservation wage w; that is, a wage at
which the worker is indifferent between accepting or and rejecting the offer w. Put differently, any offer above
the reservation wage, the worker will accept, and any offer below the reservation wage, the worker will reject and
continue to search. Given this, we can reformulate the Bellman equation to

() = %:c—l—ﬂfoBv(w’)dF(w’), ifw<w @
%, if w > w,

where the decision to reject is on top and the decision to accept on bottom. Since this takes place over an
infinite horizon, accepting the offer w today is accepting the infinite discounted stream of w, leading to %
Notice that the decision to reject is equal to the infinite discounted sequence of the reservation wage. This must
hold, by definition of the reservation wage. Thus, given the top row of the value function, the reservation wage is
@ = (1= B)le+ 8 [, v(w)dF (W),

To gain some more insight into this representation of the reservation wage, we can look at a couple other ways

to see how the particular value of the wage is determined. Specifically, evaluate the value function at @w and equate
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the accept/reject offers:

_ I} - B 1
1? =c+ | 71106dF(w’)+ﬁ[ 1qfﬁdF(w’) (8)
w w , w B 5 b ’ ’
w 1 B
s [ ar) —e= = /@(ﬁw’—u’;)dF(w)
B
= (w—rc)= % ) (w' — w)dF(w'") (After adding zI)fo dF(w') to both sides)

The lefthand side of this equation is the (opportunity) cost of searching one more time when the offer of @ is in
hand (i.e. you will earn ¢ by rejecting when you could have earned @ — ¢ more if you had accepted). The righthand
side of the equation is the expected benefit of searching one more time. % represents a one-period discount + the
infinite discounted sequence of accepting the offer next period. Lastly, the term fg(w’ — w)dF(w') represents the

expected surplus value of an accepted wage offer (i.e. the wage value in excess of the reservation wage).

If we examine the RHS of the equation, we can redefine it as some function of the current wage offer in hand:

/8 B ! !/
h(w) = T3 (w" —w)dF(w"). 9)
What are its properties? We know h(0) = %E [w] and that h(B) = 0. h(w) is differentiable with derivative!'¢
N

It can also be verified that the second derivative is positive, suggesting a function with intercept = B E[ L and with

a diminishing negative slope that tends to zero. Now, plotting the line w — ¢ and h(w) one can obtaln a unique
solution at the intersection in the positive quadrant.

Another useful characterization comes from expanding the initial equation (8) to

w_cl—ﬁ/ 1—ﬂ/ w*ﬁfﬁlﬁw_wMﬂw)

*7 —iﬂ) w' —w w’
Bl - 1 1_5/[)( )dF (u),

re-written to
5~ (1 - B)e = BE[w B/ F(u),

and after applying integration by parts to the righthand side and rearranging some terms, we get

w—c= B(E[w] —c) —|—ﬁ/0w F(w)dw'. (10)

Once again,we obtain a not so intuitive expression on the righthand side for the expected benefit of searching

one more period. Let’s define the function
9(s) =/ F(p)dp (11)
0
and examine its properties. In particular g(0) = 0,g(s) > 0,¢'(s) = F(s) > 0 and ¢"(s) = F'(s) = f(s) > 0

for all s. Once again, we can equate the two equations to find a solution for the reservation wage. This solution

16Use Leibniz’s rule: Let ¢(t) fﬁ((t)) f(z,t)dz. Then ¢(t) = f(B(L),t)B'(t) — f(a(t), t)'(t) + ff((tt)) fe(z, t)d
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w is the same solution obtained form the previous formulations, of course. What can be taken away from this
setup? First, an increase in unemployment compensation will increase the reservation wage. The increase in ¢ will
shift both equations down but both are characterized by positive slopes where the RHS of (10) is increasing in w;
thus, the new equilibrium reservation wage will be larger (i.e. w(c+ Ac) > w(c). Secondly, holding unemployment
compensation constant, a mean-preserving increase in risk causes w to increase, as well. This quality can be proved
by looking at (11) and recalling properties of a mean-preserving spread. In particular, (5) shows that if ro has been

obtained by a mean-preserving spread over r; then taking the RHS of the cost/benefit equation (10) we observe
w w
B(Elw] -0+ 5 [ P’ = [3(Elw) - )+ 5 [ F(w' m)dw]
0 0

=0 /Ow[F(w/,rg) — F(w',ry)]dw >0

by definition for all possible values in the support. Thus, an increase in risk leads to a positive shift in the curve,
representing expected benefit of search. Ultimately, this leads to an increase in the reservation wage. What insights
could this possibly offer? Wages are bounded below by 0 and workers have unemployment compensation ¢ to fall
back on. Therefore, an increase in risk generally means more volatility in wage offers in the positive direction, given
the bound. Knowing this, a worker is more inclined to wait another period and see if an exceptionally high job offer
is made.!”

Given this model setup, it is easy to calculate the probability of waiting some length of time until a job offer is
accepted. In particular, define N as length of time until an offer is accepted. Given a reservation wage, a worker
rejects an offer with probability A = fow dF(w’) in any given period, and accepts with probability (1 — X). Thus, we
can predict waiting times according to a geometric probability distribution. The probability of waiting N periods
until acceptance is simply AN ~1(1—\), and the average wait time for a worker until accepting an offer is (1—X)~1.1®

Lastly, it may be of benefit to allow for the possibility that workers can be fired; thus, accepting a wage offer
does not ensure a lifetime income stream of w. Thus, after accepting a job in period ¢, the worker now faces a
probability « of being fired in every subsequent period. If fired, the worker is not allowed to search in that period
and instead receives unemployment compensation c¢. In the following periods, we are back to where we started:
the worker fields job offers and decides whether to accept or continue searching. The Bellman equation would then
become

H(w) = accggc,zrgecject{w + B(1 — a)d(w) + Balc + BE[?], ¢ + BE[D]},

where E[0] = [6(w)dF (w). Under the reservation wage setup, we get

w+Balc+BE[D]]
i)

¢+ BE[v], if w < w,

ifw>w
o(w) =

17"What if the worker was allowed to quit his job? If this were allowed in the game, little would change in the way of rational
decision-making. To see, consider the fact that there are now three scenarios: 1) accept the wage and keep job forever, 2) accept the
wage but quit after ¢ periods, or 3) reject the wage and continue the job search. By drawing out the respective Bellman equations, one
can see that a worker would never prefer the second scenario. Thus, its inclusion in this model would only add unnecessary complexity.

On the contrary though, people choose to quit jobs all of the time; thus, the model should find ways to incorporate such outcomes.
18Note that these qualities depend heavily upon the fact that the reservation wage is fixed throughout time. Would these results

change if we diverged from an infinite horizon to a finite horizon environment? Also, what if randomness was incorporated into the

worker’s job preference and/or if the worker faced short-term shocks in demand for liquidity?
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where w solves
W + Bafe+ BE[D])

T = c+ BE[?],

which can be rearranged as
T§B:c+g/amemy
One of the main implications of this model is that the firing value function ¢(w) is strictly less than the v(w)
for all w € [0, B]. Intuitively, no agent would rationally choose to quit a job in the standard model; thus, no agent
would prefer to be fired from a job, once they have accepted a job offer. Given this relationship, the reservation
wage w0 is strictly lower than w. Why? Workers are less likely to hold out for a higher/better job offer next period
if they know it is more probable that they will not retain that job forever.

Consider an economy with a unit mass of agents, i € [0, 1], each of them that can be in any of the two states,

employed or unemployed, s € {E,U}. Then the Markov matrix II is given by:

l—-a «

1—X2 A

I =

The invariant distribution, p*, which is the fraction of time an agent i spend in each state. If we let p; be the
fraction of employed agents (and thus 1 — u; the fraction of unemployed people), then the employment rate can be

calculated with the following formula:

i1 = pe (1 —a) + (L — ) (1 = A)

1-A

Then the invariant distribution, py = 41 = p* is given by p* = arion
o _

5.3 A Prelim Example

Setup: If previously unemployed, a worker enters a period with a wage offer w in hand, where w is independently
drawn from the distribution F'(w). If the worker refuses the offer, she receives compensation b for the period. If the
offer is accepted, the worker receives w as an input to her strictly increasing utility function u(w;), discounted at a

rate 8 € (0,1). If working, there is a probability J the worker will not be fired in the following period.
Assumption 5.1. Worker utility function is u(w) = w.
Assumption 5.2. Wage offers are bound in the range w € [0, W].

Assumption 5.3. If fired in period t, the worker receives compensation b and can search for offers next period.

Recursive Formulation: Unemployment U is characterized as

W
U=b+5/0 maz{V(w),U}dF (w) (1)

=b+ BEJ
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where J(w) = maxz{V(w),U} and V(w) is the value of employment with offer w in hand, represented as
V(w) =w+ oV (w) + (1 - )U]. (2)

Together, equations (1) and (2) characterize the worker’s problem as a dynamic program.
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Existence and Uniqueness: We need to prove that there exists a unique reservation wage R, and that there is a

unique solution to the dynamic program, described above. First, another assumption.
Assumption 5.4. V(0) < U< V(W).

If this does not hold, then nothing interesting can really be said about the economic environment: the worker

always accepts a job offer if U < V(0) , and the worker never accepts a job offer if U > V(W).
Claim 5.1. V(W) is strictly increasing.

Proof. Using equation (2),
1
Vi(w) =1+ BV (w) = V'(w) = - >0,

given that § € (0,1) and 3 € (0,1). O

Given that U is a constant value, V is strictly increasing and and the assumption that U € (V(0), V(W)), there
exists a unique R such that V(R) = U, where

V(R) = R+B[6V(R) + (1 — 8)U]
Sv(r) = TP +1ﬁ(15_55)U,

such that we can isolate the value of U by expanding the identity V(R) = U:
R+B8(1-0)U

1—-p6
=R+ 8(1-0U=(1-p5U

=U

SU[l—B5—B+B5|=R
R

Thus, there exists a reservation wage form on J(w) such that
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We'd like to prove the existence and uniqueness of the functional form of V. To do so, sub equation (1) into

equation (2) to get
w
V(w) =w + BV (w) + B(1 — ) (b+ 5/0 maz{V(w),u}dF (w))
N
—a+ 522 /0 maz{V (w), U}dF (w),

with A = %15_65)17. Now we can define the operator T : B(w) — B(w) on the space of bounded functions by

T(V(w) = a4+ 2 1=9) 1_ 55 / maz{V (w), U}dF (w). (@)

Claim 5.2. The operator T' as defined in equation (4) satisfies Blackwell’s sufficient conditions, and is thus a

contraction with modulus (5.

Proof. First, we check for discounting. Given the constant a € R,

52
/ maz{V (w) + a,U + a}dF(w)

1-66 J,
21— [V 21-94
=A+ ﬁl(ﬂé)/ max{V(w),U}dF (w) + ﬁl(ﬂ(;)a

<A+

§A+ 1—55 / maz{V(w),U}dF(w) + fa
=T(V(w)) + pa.

Hence, the operator T satisfies the discounting property. Now, we check for monotonicity. Let f(w), g(w) € B(w)
such that f(w) > g(w) VYw € [0,W]. Then, we observe

T(f(w)) - T(g(w)) = [/ maz{f (w), U}dF (w / maz{g(w), U}dF (w)

6LA7MHﬂMAMﬂmmm]

>0

and this holds because f(w) > g(w) for all possible offers of w. Hence, the operator T' satisfies the monotonicity
property, implying that T is a contraction with modulus 3. O

As a contraction, we know that there exists a unique solution V' to the dynamic program with a corresponding

unique reservation wage R.
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R Increasing in b: Now, we are going to use results and properties of the environment to pin down the relationship

between unemployment compensation b and the reservation wage R. Start with the initial formula for U = b+ SEJ:

w
(1-p5)U=b—-pBU+ B/O max{V(w),U}dF(w)
w
=b+ B/R [V(w) — U)dF (w)

=b+p {(V(w) —U)F(w) : - /RW V'(w)F(w)dw]

=b+f [V(W) -U - /Vj V’(w)F(w)dw}

W+ (B-1)U

_b+[ 1— 5o

-/ i V() F(w)du

R

b+ |V + (3 - )l - [ i Vi(w)F(w)du)

b+ 8|V - m) - [ i V() F(w)dul

w
=b+@é V' (w)[1 — F(w)]duw.

Thus, we know the following relationship must hold:

R=b+¢(R)

(substract by SU)

(int. by parts)
(bc V(R)=U)

(V (W) = P00

(U = )

(5)

where ¢(R) = fIZV V/'(w)[1 — F(w)]dw and we once again make use of the fact that U = %. By Leibniz’s rule,

we have

Claim 5.3. R is (weakly) increasing in b.

Proof. Suppose not. Re-organize (5) as b = R — ¢(R). If b increases, then it must be that R — ¢(R) is strictly

decreasing. This contradicts the relationship of equation (5); hence, it must be that R is weakly increasing in b. [
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6 Recursive Competitive Equilibrium

When discussing equilibrium concepts for the neoclassical growth model in sections 2 and 4, we focused on two
distinct methods that turned out to be equivalent under the right conditions. In particular, we looked at the sequence
problem, whereby the time 0 agent chooses a sequence of allocations, given price information. We also looked at
the functional equation, whereby the the infinite dimensionality of the sequence problem was reduced to a two
period model of sorts, which was embodied in the Bellman equation representation. It is towards this latter solution
concept that recursive competitive equilibrium (RCE) is related to. Recursion refers to the repeated application of
a rule or procedure, and that is exactly what is accomplished here. In particular, for any given period, we define the
state of the economy by a set of objects which completely characterize all relevant information for making decisions.
Using the agent’s value and policy functions, decisions can optimally be made with respect to current and future
utility, one period at a time. In addition, laws of motion for relevant variables track and determine the changes in
the aggregate state variables. This is recursive in nature because the value and policy functions are time invariant
and simply take current states as their inputs. This discussion is adapted from Professor Chari’s lectures. For
additional reference—and a slightly different treatment—you can refer to Ljunqgvist and Sargent Chapters 7,8 and

12.

6.1 Complete Markets

The rest of this section has been replaced with your notes from Chari’s class this year. I edited it
for a few typos, comments, etc.

Consider a stochastic Arrow-Debreu problem for the household:

* S el ulen (s, () (AD)

t=0 st
S 30 S en(sh) k() — (1 k(1) € 3 3l () + s )
t=0 st t=0 st
s.t. non-negativity constraints

From a mechanical standpoint, all the activity in this economy occurs at date 0: the consumer faces a maximization
problem with a single lifetime budget constraint. Essentially, households take stock of future states of the world
and make decisions about future consumption, labor and investment in the initial time period. This representation
does not capture the normal way in which we imagine interaction in an economy; thus, we consider the sequential
market problem and derive an equivalence between the two. The sequential markets problem is stated with a
period-by-period budget constraint
oo
DD (st yulen(sh), L(s")) (SMP)
t=0 st
st cp(sY) Fhi1(s)) — (1= 0)ke(s™1) < wi(sH)le(s) +re(s) ke (s71) Ve, Vs!
st. K >kii(sh) >0 vt Vst

where we seek to find the conditions such that the two representations are the same.
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Definition 6.1. A Sequential Markets equilibrium is an allocation {c;(s?),l;(s'), ki+1(s')} and price system {ry(s?), w:(s*)}

such that
1. Households solve the SMP
1. Firms mazximize; that is,

a. A(sY)Fyp(ke(st71),1:(s)) = 74 (s?)
b A F(ku(st1), () = wi(s)

151. And markets clear.

6.1.1 A Simplified Example

To help motivate and prove the equivalence between the Arrow-Debreu setup and the Sequential Markets represen-
tation, we will consider a simple example. Let the example economy be deterministic and have an infinite horizon
with a finite number of types of agents. Let there be I types and assume that there is an equal mass of each type.

Each agent is endowed with e! for each period ¢ which implies resource feasibility
> a=2.¢ M
i i
Thus, an allocation consists of choosing a consumption sequence {{ci};}; in solving the household problem
o0
maXZui(ci) (2)
t=0
s.t. Zptcti& < Zptei
t t

Definition 6.2. An Arrow-Debreu equilibrium is defined as a consumption allocation {{ci};}; and a price system

{p:} such that
1. Households solve (2), and

2. Resource feasibility (1) is satisfied.

Now, consider the period-by-period counterpart to problem (2) along with a new price g;:
oo
max Z u;(cy) (3)
t=0
st c+ qta§+1 <eltal Vt

where ¢; is the period ¢ price of a one-period, discount bond and a! 41 is a bond that pays 1 unit of consumption
to agent 4 in period t + 1, which was purchased in period ¢.!? At this point, the problem is not well-defined.
In particular, the agent has incentives to boost consumption by continually raising his debt and doing so to an

arbitrarily large limit. Thus, to keep the problem bounded, we include a No-Ponzi condition

aj,, > —A with A € Ry (4)

191f the return on such assets is 1 and the price paid is g¢, the gross interest rate R; can be computed as 1/q.
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which places an ad hoc lower bound on the level of debt the household is allowed to accrue. In a more realistic
setting, we could replace condition (4) with a natural debt limit which derives the bound A as the maximal level of

debt such that the consumer still could feasibly repay it over time.

Theorem 6.1. (AD — SM) In the Arrow-Debreu economy, assume prices satisfy the boundedness condition
Sieopt < 00. Then, there exists a sequence of assets {ai .}, prices {q;} and some bound A such that solution to

the Arrow-Debreu problem is also the solution to the Sequential Markets problem.

This theorem states that the sequences of consumption in both problems will be identical, which further implies

that the maximized utility value will be the same. Now, for a theorem stating the reverse direction.

Theorem 6.2. (SM — AD) Let there exists a T and an € > 0 such that

1
g <

< Vit >T
1+4+¢€

and the No-Ponzi conditions holds with strict inequality, then any solution to the Sequential Markets problem is a

solution to the Arrow-Debreu problem.
To understand the equivalence, consider the first-order condition of the AD problem
] Bluilci) = Ape (5)

where A is the multiplier on the time-zero budget constraint. Alternatively, for the sequential markets, consider the

first-order conditions

[ei] = Bluict) = e (6)
[ai ] T g = e (7)
Combine equations (2) and (3) to get /
qr = 5%;2(—;—)1)
and combine this result with (1) to arrive at the expression
Pt+1
4t = Py (8)

which is an intuitive result. Price p; represents the numeraire price of a unit of consumption in period t. When in
period ¢, what price are you willing to pay for a unit of consumption in period ¢ + 1?7 You will pay p;41/p: which

is also the period-to-period price ¢;.2°

20The Arrow-Debreu {pt} prices are relative prices; thus, we can set the price po = 0 as a common normalization. In addition, we

can represent the relationship (8) as

po =1
P1 = 4qo
P2 = qoq1

which guarantees that Z?io pt < oo is finite if and only if Htoio qr < o0.
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Next, how do we recover the assets {a}, ;} for the model, given that we have pinned down the prices {q;}? This

is accomplished by summing forward the period budget constraint:

%Z&M4NTH+%f&E ps(cs — €5) = pray
s=t
o0

Z—sc'—e (9)

Y4

where the first term of the first line is equal to zero as long as assets are bounded and the pr goes to zero in the
limit. Consider equation (5). Divide by the time 0 condition with py = 0 to get

| i)

ui(cp)

Given a discount factor § < 1 and a strictly concave utility function, interior solutions are guaranteed and the RHS

should converge to zero in the limit.

6.2 Recursive Equilibria in the Neoclassical Growth Model

Now, let’s examine some of the implications for the growth model

ZZM (s"),1e(s")) (10)

t=0 st

Zzpt D)+ ke (s') — (1= 0)ke(s") <ZZpt s (%) 4 re(sH) k(')

t=0 st t=0 st

st. K >ki1(s')>0

where we assume that the stochastic innovations {s;} come from a finite set and follow a Markov process. We can

now recast the problem in (6) as the functional equation
V(k,K,s)= max {u(c,])+ BZ v(k' K’ s')} (FE)
st. c+k — (1 -0k <w(K,s)l+r(K,s)k
st. K'=G(K,s)

In this framework, K denotes the aggregate stock of capital in the economy whereas k represents the households
individual holding of the capital stock. Why is it necessary to keep track of the aggregate capital stock? The answer

is two-fold:

1. We need prices to be determined competitively in the economy. This implies that no particular household’s
activity can influence the price level. You can think of the FE as a household’s problem in which that household
is just one of infinitely many on the unit interval. As such, the household chooses quantities taking prices and

aggregates as given.

2. In order to solve this problem, the household needs to be able to forecast future prices, which depend upon
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the decisions of everyone in the economy. This leads to an equilibrium price determination
w(K7 5) :A(S)FL (K7 L)
r(K,s) =A(s)Fg (K, L)

given the production function Y = AF(K, L).

In addition, notice that the FE problem is characterized by a law of motion G for the aggregate capital stock which
households know and take as given. In solving the FE, we define the solutions as policy functions c(k, K, s),l(k, K, s)
and g(k, K, s) for consumption, labor and next-period capital, respectively. Let the space of feasible capital be a

constant set X and the random shocks come from the sigma-algebra 2 with a corresponding probability space.

Definition 6.3. A Recursive competitive equilibrium is defined by a value function v : X x X x Q — R, policy

functions {c,l,g} of the same domain as v and prices {w(K,s),r(K, s)} such that
1. v attains the mazimum of the FE problem, given G(-),
2. the policy functions solve the FE problem,
3. Firms mazimize profits:
w(K,s) =A(s)Fr (K, (K, K,s))
r(K,s) =A(s)Fg (K, (K, K, s))
4. g(K,K,s) = G(K,s)

In processing this definition, take special notice of the consistency restrictions imposed on the policy functions,
where they take aggregate capital as an input for their household level k in parts (3) and (4). Thus, while the
household takes the aggregate as given, when in equilibrium and if endowed with the total quantity of capital, the
household will choose the same levels of labor and capital that coincide with equilibrium prices and the aggregate

law of motion.
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7 Incomplete Markets and Heterogeneous Agent Models

7.1 The General Model

In this section, we will consider economies in which there exists a continuum of agents which are ex ante identical,
but due to stochastic shocks and limitations in the asset/insurance markets, have ex post heterogenuous asset
holdings. In a complete markets setting, whether in an Arrow-Debreu or Sequential Markets settings, agents are
able to trade and hedge against various idiosyncratic shocks. For example, an agent can buy contingent claims on
consumption next period, which depend upon whether or not a high or low endowment shock occurs. To do so,
the agent must pay some price today (i.e. must pay some kind of premium). When borrowing is limited, as is the
case with incomplete markets, agents must self-insure: they are left with stock-piling quantities of some asset. As
one risk-averse person may expect, when times are good (shocks are positive), agents choose to accumulate a larger
rainy day fund of assets, and when times are bad (shocks are negative), they are forced to consume their stockpile
of assets in an attempt to smooth consumption over time.

In this model, the environment is characterized by an infinitely-lived unit measure of households with preference?!

oo

EY " Blu(cy). (1)

t=0

We further assume that this is a simple endowment economy, where the agent receives a stochastic endowment
Yyt € Y every period. We will consider this distribution of assets to be finite; thus, we further assume that the
probability is determined by the transition matrix 7(y’|y). In addition, a key and essential assumption that we make

is no aggregate uncertainty. Thus, while individuals face idiosyncratic shocks that are not completely insurable,

the economy has the same level of endowment in each period. For motivation and justification of this assumption,
we can appeal to a law of large numbers result here, since there exists an infinity of agents on the unit interval.

Let II(y) be the unconditional stationary distribution of y and assue that II(y) also represents the fraction
of households with endowment y. Therefore, the interpretation is twofold: i) w(y) provides the unconditional
probability of receiving endowment y and ii) the fraction of the households on the unit interval that receive y is
II(y). As mentioned before, the aggregate endowment is constant at some value 3. Households are faced with the
constraints

ad+c=y+(1+r)a,and (2)
a > -b, (3)

where (2) is a standard budget constraint and (3) is a borrowing constraint. Equation (2) states that today’s
income (from both the stochastic endowment and the return on the agent’s asset stock) must be divided between
current consumption and next-period assets. Equation (3) states that the consumer may not choose assets below
some debt limit —b. Thus, if an agent experiences a particular bad streak of endowment shocks and has a low current-
period level of assets, it may be preferable to choose a large negative level of assets to help smooth consumption.

The debt limit —b may get in the way of allowing the agent to do so.??

21This section is in large part taken from the notes by Lutz Hendricks.
22More on natural debt limit and specifying this particular value.
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Thus, choices depend upon the state vector (a,y), the rate of return on assets r and this decision problem may

be formulated with the Bellman equation as
v(a,y) = max u(c) + 5 )7 (y'ly)v(a’,y) (4)
: ”
subject to the borrowing constraint and the debt limit constraint. Subbing the budget constraint into the utility
function and choosing a lagrange multiplier y for the debt limit we can form the lagrangian
L=u(y+1+ra—d)+B> ny|y)vla,y)+ pa +b),
y/

which yields the following first-order conditions

o(e) =83 7l ) )
ov
% w1+ ) )
pla +0) =0,u>0,a +b>0. (7)

Equation (5) comes from differentiating with respect to the choice of next-period assets, while equation (6) is the
envelope condition and equation (7) is a complementary slackness condition on choosing assets above the debt limit.
If the debt limit is binding for consumers, then p > 0 and u/(¢) > E[B(1 4 r)u/(¢')]. What does this mean? This
shows that if the debt limit is a barrier to agents properly smoothing their consumption over time, then it reduces
welfare to a level underneath that which would be attainable with complete markets. The solution concept for
the household problem is the value function and policy functions for consumption and next-period asset holdings.
Further, to characterize equilibrium, we must define a joint distribution of assets and endowments in the economy.

We will use ®(ag,yo) = Prob{a < ap,y < yo}-

Definition 7.1. A stationary equilibrium is a value function v(a,y) and the policy functions c¢(a,y) and o' (a,y) for

households, a price function r(®) and a joint distribution of assets/endowments ®(a,y) such that
1. households optimize with respect to their constraints,
2. markets clear, and
3. ® is a time-invariant distribution.

We've already defined the households problem. For market clearing, we must observe

[ [ clawoidady) = [ vty =3 ®)
| [ d@neida.dy) =0 (9)

for each period. Let’s look at equation (8). The RHS shows that expected value of aggregate endowments for
any period. Given our law of large numbers result, we have assumed that his quantity is fixed at 3. The LHS shows
aggregate consumption in the economy, summed over all possible levels of this-period asset holdings and all possible

shocks. ¢(a,y) is a deterministic function and the integration just sums up these policy functions for every possible
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combination of asset holdings and shock in the economy. Lastly, equation (9) assumes that the net aggregate level
of assets is zero.??

Lastly, we turn to the time invariance of the joint distribution ®. Technically, this is allowed to vary from day to
day (i.e. from ®(a,y) to ®'(a’,y’)). How? It is determined by the household policy functions and the past random
shocks. In particular, since a’ is determined in the period before, the policy functions a’(a,y) will play a role in
determining a law of motion for ®. The equilibrium is stationary when ® = ®. Let’s define a transition function
Q((a,y), (A,Y)). It’s interpretation is the probability of ending up in state (a’,y’) € (A,Y") tomorrow, given that you
find yourself in state (a,y), today. By assumption, this probability is also equal to the fraction of the population

that will end up in (A,Y") tomorrow. Specifically, we write

Zy’EY w(y'|ly), ifd'(a,y) €A

0, Otherwise ,

Q((aa y)a (A’ Y)) =

First, what is the probability of ending up in the set of shocks Y7 It’s the sum of the probabilities for ending
up with 3’ € Y, given the state of y today. In addition, what’s the probability of ending up in the future shock set
Y and with asset levels a’ € A? It’s the same sum of probabilities, excluding the ones where the policy function
a'(a,y) ¢ A. a/(a,y) is deterministic and chosen by the agent in the previous period, so obviously we do not want
to count the states that don’t have the policy functions in the set A. Now, we may formalize the law of motion for

the joint distribution function as

B(AY) = / / Q((a,9), (A, Y))®(da, dy). (10)

In (10), we define the joint distribution of assets and shocks tomorrow (RHS) as simply the probability of ending
up in any set (A,Y) tomorrow, summed over all levels of a and y today. Stationarity is simply the case when

D'(AY) = B(A,Y) V(A,Y)2H

23For every liability, there is a matching asset of the same value. Thus, in equilibrium the sum of these values must be zero.
241F there does not exist an invariant joint distribution, then we may also define a non-stationary equilibrium. We must redefine the

Bellman equation and asset policy function as v(a,y, ®) and a’(a,y). Further, the returns on assets are now a function of the aggregates
in the economy, which fluctuate; so, r(®). Lastly, the law of motion for the joint distribution is now some potentially non-linear function
of the previous state: ® = H(®). Our equilibrium definition is the same, but now with the stationarity/time-invarince condition

dropped.
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7.2 An Application: The Huggett Model

This section presents the paper by Mark Hugget (1993) from the Journal of Economic Dynamics and Control, titled
The risk-free rate in heterogeneous-agent Incomplete-insurance Economies. The prime motivation for the paper was
the existence of risk-free rates and equity premiums that were too low and high, respectively, given the calibration
of representative agent model economies. In this model, agents face uninsurable idiosyncratic endowment shocks
and they smooth their consumption through holding a risk-free asset.

Consider an exchange economy with a continuum of agents with total mass equal to one. Each period, agents
will receive an endowment of a perishable consumption good. For simplicity, the endowment is either high (ep) or
low (e;). The set of endowment is denoted E = {e;, e, }. We will assume that agent’s endowment follow a Markov
process with a stationary transition probability 7(e’|e) > 0, which is independent of all other agents’ current and

past endowments. Agent’s have identical preferences, given by

o 1—0o

B[y 57—, (1)

t=0

where we assume o > 1. Agents are allowed to hold some credit balance of a units, entitling an agent to a
units of consumption in the respective period. If the agent wishes to receive a’ units of the consumption good next
period, he must pay ga’ good this period where ¢ denotes the price of next-period balances. We also assume that

there exists a credit limit a < 0 that agents can never go below. The agents budget constraint is
c+qga <a+e withc>0anda >a (2)

So, every period, the agent observes the sum of his endowment + the assets he received that period. From there,
he chooses how to divide this revenue between current consumption and buying next-period assets. Assets can also
be negative: thus, the consumer can consume in excess of his income a + e by choosing negative next-period assets,
meaning he will have to pay back those liabilities in the following period.

Now, we’d like to formalize the agent’s problem in terms of a Bellman equation. An agent’s position in time is
denoted by a state vector x € X where x = (a,e). Thus, all that an agent is required to know to make optimal
decisions is his current level of assets and the current-period shock to his endowment stream. Thus, the individual
state space is X = A X E where A = [a,00] and F is denoted as before, with e, > e;. Thus, a functional equation

is defined by

v@wsg) =  maz  u(e)+ B3 w(el)o(d,¢'sq) (3)

(c,a’)€T(z,q)
where the correspondence is

L(z;9) = {(c,a’) : c+qa’ <a+e;¢>0;a" > a}. (4)

Thus, given the state of the economy and the consumers endowment and asset holdings, he must choose con-
sumption and next-period assets in a way that maximizes expected lifetime utility. If the function v is the optimal

value function, then we can define policy functions ¢: X xRy, — Ry and a: X x Ry y — A given that they are
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measurable, feasible and satisfy
v(z;q) = ulc(w;q) + B m(€le)v(alz;q),€sq).

Warning: some abuse of notation is upcoming.2> What do we know about all of the agents? We know that they
are not the same. Thus, we must develop a probability measure, defined on the subsets of the individual state space.
Let ¥ be such a measure on (X, 8x) where X = [a,a] x E and 8x the Borel c—algebra. Thus, ¥(B) indicates the
mass of agents whose individual state vectors lie in B. Intuitively, pick an interval of assets holdings and the high
or low endowment level (or both), and ¥ will tell you what fraction of the population (of measure one) will be with
those traits.?6 For this model, we will assume that the probability measure ¥ and asset prices g are unchanging in

time. Thus, we utilize a stationary probability measure and are interested in stationary equilibria.?”

Definition 7.2. A stationary equilibrium for this economy is {v,c(x),a(x),q, U} where v is a solution to the

functional equation and
i. ¢(x) and a(x) are optimal policy functions solving the value function, given g,
1. Markets clear:
1. [cla,e)¥(dz) = [e¥(dz)
2. [a(z)¥(dz) =0
115. ¥ is a stationary probability measure for all B € Bx.

So, equilibrium requires that the agents optimize utility with respect to their choices over consumption and
next-period assets. Further, aggregate consumption must equal the aggregate endowment in any given period and
any given state, and the net sum of all assets must be equal to zero, as well.

Before, we compute the equilibrium, let us define a mapping T on the space C(X) of bounded, continuous

real-valued functions on the individual state space X. We write

25We have described an individuals state space as X = A x E = [a,00)] x {e;,ex}. These are the possible values that may occur
for an individual. In what follows, we will need to construct a similar type of measure for the economy, denoted S = [a,a] X {e;,ep}
which is the interval of all possible asset values along with all possible levels of the endowment shock. From this set, we can generate
its Borel o—algebra. This will be used in calculating aggregate probability measures for the economy. While this is done in the paper
and is technically correct, I am excluding the new notation and simply using the individual state space X. Thus, when z appears as an

element in X, you can interpret it with the same meaning of the S state space notation.
26Remember: by assumption, this is the unconditional probability of having assets and an endowment shock in the state B and it is

the fraction of the population that is also in that state!
2"Keeping with the notation from the actual paper, we define a transition function Q : X x 8x — [0,1]. Q(z,B) = Q((a,e), B =

(a’,€’)) is the probability that an individual with state = will have an individual state vector lying B next period, just as before but

with slightly different notation this time. Then ¥ is said to be stationary given that

W(B) = /P(x,B)\IJ(dx) VB € fs.
The stationarity comes from the fact that the LHS is not ¥/(B) but instead the same joint distribution as today’s ¥(B). Further,

this holds for all possible joint occurrences of assets a’ and endowments e’ (i.e. for all possile B).
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(Tv)(w;q) = max u(c)+ B w(|e)o(a’,¢;q), (5)

(c,a’)er

where we define iterations of this operator by T™ suh that T'v = Tv and T?v = T(T(v)) and so on.

Theorem 7.1. For ¢ > 0 and a + e; > qa, there exists a unique solution v(x;q) € C(X) to (3) and the mappings
T"vy converge uniformly to v as n — oo for any initical guess vo € C(X). Further, v(z) is strictly increasing,
strictly concave and continuously differentiable in a. Furthermore, there exist continuous optimal decision Tules
c(x;q) and a(z;q) such that a(x,;q) is strictly increasing in a for (x;q) such that a(x;q) > a (and nondecreasing

fora(z;q) > a).

Proof. First, we wish to show that the operator T is a mapping from the space C(X) — C(X). Due to the Inada

conditions on consumption, ¢* will always occur in the interior of the budget constraint (i.e. ¢* > 0 for all states z).

—0o)

ct
1—

Further, the objective is bounded above for all paramter values ¢ > 1 and is bounded below for non-negative

[eg
inputs c. Thus, there exists some M such that |v(z;q)| < M for all x € X. Further, the objective function u(c) is
continuous for ¢ > 0; therefore, (Tv)(c) : C(X) = C(X).

Further, the operator T is a contraction on the space of bounded, continuous function. Specify the sup norm

metric. Under Blackwell’s sufficient conditions, we can prove monotonicity and discounting. That is.
i. For any 0,0 € C(X) where ¢(x) > v(z)Vx € X, (T0)(z) = mazu(z) + fo(z) > mazu(x) + po(x) = (T0)(x).
ii. [T(v+ a)](z) =mazu(z)+ Bv(z) + Ba = (Tv)(x) + Pa .

Thus, T is a contraction with a fixed point v* € C(X) such that (Tv*)(x) = v*. Further, for any initial guess
vo € C(X), the sequence T"vg will uniformly converge to the fixed point.

Next, note that the objective function w(c) is continuous in its argument and that the correspondence T' is
continuous, nonempty and compact. Thus, (T)(z) is a continuous function. Through strictly increasing and strictly
concave properties of the objective function, the value function is strictly increasing and strictly concave. Further,
for any a, holding a’ constant, consumption is nondecreasing in a. Beneviste and Schenkman for continuously and

differentiable value function. O

The next theorem states conditions under which, for given ¢, there exists a unique stationary probability measure
¥ and it gives a method for computing excess demand in the credit market. Let us now define a mapping W :
M(X) — M(X), induced by a transition function @ where M (X) is the space of probability measures on (X, fx).
This is given by

(WT)(B) = /Q(m,B)\Il(da:) VB € Bx.

We have defined the operator W but this is just another way of stating the general law of motion for the joint

distribution as ¥'(B) = [ Q(z, B)¥(dz) like we did in the introduction to this section.
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Theorem 7.2. If the conditions of the first theorem hold, 8 < q and w(ey|en) > w(epler), then there exists a unique

stationary probability measure ¥ on (X, Bx) and, for any Vo € M(X), WUy weakly converges to V.

This theorem states conditions under which the probability distribution is stationary (end hence the equilibrium

is stationary) and that the probability distribution is unique.

Proof. Here, we utilize Theorem 12.12 from SLP, which states that, given the set X, if transition function @ is
monotone, satisfies the Feller property and 3¢ € X, e > 0 and N > such that PY(a, [¢,a]) > € and PV (@, [a,c]) > e,
then P has a unique invariant probability measure ¥ such that W™V, — W.

First, we may assume that X is an ergodic set, which implies that Vn and Va, b, P (a,b) > 0. Thus, this easily
satisfies the last condition for non-negative probabilities.

To prove P is monotone, we must show that for any increasing function (T'f)(z) = [ f(2')P(x,dz’) is an
increasing function. Thus, we must show that TF is increasing in initial state assets a and initial state assets e.

Note that we have assumed 7(ep|ep) > m(ep|e;). This implies

/ @) P((a,en), (da dey) > / f@)P((a,er), (dd, del),

holding a constant. Thus, the operator is increasing in positive endowment shocks. Next, note for a > a,

/f (a,e), (da’,de’) /f e), (da’,de’),

holding endowments constant, because the policy functions a(a, €) are strictly increasing in initial assets a. Thus,
we have shown that the operator (T'f) is increasing in its arguments, which implies that P is in fact monotone.

Lastly, we must prove the Feller property which requires that (T'f)(z) = [ f(2')P(x,dx’) is a continuous function
for any bounded and continuous function f. Let us take any sequence of initial states {z,} in the state space X

where z,, — 2 € X. Thus, we have (T'f)(z,) = [ f(z')P(z,,dz"). Apply limits
lim(Tf) () =lim / F(@)P(@n, d2')
_ / £ (@ Ylimp(a' |2 )dA
/ f(2"YP(x,dx) (Lebesgue Dominated Convergence Theorem)
Tf)(x)

where the second line re-expresses the transition function as a conditional distribution. Thus, the operator
(Tf)(z) is a continuous function, satisfying the Feller property. Given that these conditions are satisfied, ¥"

uniquely converges to an invariant joint distribution W. O

If this distribution weakly converges then we can expect the sequence of asset holdings to converge; that is, we

expect to observe

[ etz - [ atwigus),
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which is expected to equal zero in equilibrium.

To calibrate this model to the real economy, we need to find parameter estimates for the set (en, e;, 0, 8, a, w(eplen), w(enler)
within the context of the proper period length. We will assume the low and high endowments as income when un-
employed and employed, respectively. Further, we will consider a model in which six periods is interpreted as
one calendar year. Reference the paper for more details as to the data collection and calibration, but we will use
en, = 1,e; = 0.1, 7(eplen) = 0.925,m(eple;) = 0.5, = 0.99322,0 = 1.5 and range of possible credit limit levels

a € {—2,—4,—6,—8}. Computation for equilibria proceeds as follows

1. Given price ¢, compute a(z;q), given Theorem 1.

2. Given a(z;q), iterate on Wy, 41(B) = [, P(z, B)d¥,, from some arbitrary ¥, € M (S). When the sequence has

approximately converged, use probability measure to compute || sa(r;q)d.

3. Update ¢ and repeat steps 1 and 2 until market clearing for the asset market is approximately observed.

What are the results from this paper after computing the equilibrium, given the parameter estimates? 1) The
risk-free rate decreases as the credit limit increases. That is, as the credit limit is increased, the interest rate must be
lowered to persuade agents to not overaccumulate credit balances so that the credit market can clear. 2) Higher risk
aversion reduces the risk-free rate for all credit limits examined. We have found that with no aggregate uncertainty
but with idiosyncratic shocks that are not perfectly insurable, the estimated risk-free rate is lower than a standard

representative agent model with the same aggregate fluctuations. These results are closer to that observed in reality.

7.3 Arrow’s Theorem

Consider an economy with ¢ = 1,2,..., I agents that have preferences over a single good given by a utility function,
u;(.) and discount utility utility with 3.

In each period t there is a realisation of a stochastic event s; € S. Let the history of events until time ¢ be denoted
st = [s0,51,...,5]. The unconditional probability of observing a particular sequence of events, s’ is given by a
probability measure m;(s'). Assume that mo(sg) = 1.

Agent i owns a stochastic endowment of the good y;(s') that depend on the history st.

Denote by ¢¥(s?) as the price of one unit of consumption where, the superscript 0 refers to the date when trades

occur, while the subscript ¢ refers to the date when deliveries are made.

Definition 7.3. An Arrow-Debreu competitive equilibrium is a sequence of prices {q¥(s')}s2, and allocations

{(cir(sh))I_}52, for every history st such that:

51



Econ 8106

Chari Notes

1. Given prices {q?(s%)}%,, consumeri=1,2,...

t
max w; (i ( s
{en(sh)}ee ozﬁ ()l

subject to
o0
> T ensh) < 3 D ab s
t=0 st t=0 st
cit(s') >0

2. Markets clear:

I I
Zcit(s ) = Z?Jit(s

.1 chooses {(ci(s%))}52, to solve:

Vi, st

V¢, st

Denote by Q(s;41|s") (the pricing kernel) as the price of one unit of time ¢ + 1 consumption, contingent on the

realization sy at t + 1, when the history at ¢ is s’.

Definition 7.4. A sequential markets equilibrium is a sequence of pricing kernel Qt(st+1|st), and allocations

{(Ge(sh), asipr (s'TH)1_ 392, such that:

1. Given the pricing kernel, {Q(syy1]s)}Y2,, initial distribution of wealth {a(so)}_, and, the natural debt

limit, {Az1(stT1)}92,, consumers i =1,2,...,1 choose
{Cit(8Y), Qi1 (stT1)}52, to solve:
t
u;(c s
{CZt(S ),Ufzt+1(5t+1 }t o Zﬁ K3 Zt ( )
subject to

ci(s) + Z it1 (5041, 8 Qe (561115 < yir(sh) + @i (sh)

St41
cz-t(st) >0

Gitr1(sTY) > —Appa (s7)
2. Markets clear:
I I
D culs) =D yulsh
i=1 i=1
I
Zdit+1(5t+1) =0
i=1

Theorem 7.3. Let {{ci(s")}]
I

V¢, st

V¢, st

vt, st

VYt > O,St

YVt > 0,541

1120, {0 (sH) 152, constitute an Arrow-Debreu Equilibrium as defined in part a),

then there exists an initial distribution of wealth {aio(so)}i_q1, sequence of natural debt limits and a corresponding

sequential markets equilibrium as defined in part b), with allocations {{¢;(s'), @1 (s}

{Qi (514184 }22, such that:

52

iz1 182, and pricing kernel

Vi, t, st
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Proof.
By making an appropriate guess of the form of pricing kernel, it is easy to show that a competitive equilibrium
allocation of the Arrow-Debreu model is also an allocation for a competitive equilibrium under sequential markets

with a particular distribution of initial wealth. Take an initial guess of Q;(s;11|s") as follows:

q?+1(5t+1) = Qt($t+1|8t)qg(8t)

0 t+1
qt+1(8f+ )

a9 (s?)

The one-period Euler equation for the Arrow-Debreu economy is given by:

Buj(ciyr (s'))mpa (s s") _ qPy (st
ug(cit(s?)) P (s)

The one-period Euler equation for the sequential markets economy is given by:

Buf(Cipyr (s"1))mpa (s ]sh)

u;(Cir(s"))

If our guess of the pricing kernel is correct, then the CE allocations under the Arrow-Debreu equilibrium are

This implies that Q;(se41]s') = ¢f1(s'*1) since, ¢f;(s'+!) =

= Qi(s141]s")

supported by the sequential market structure as shown above. The only thing remaining for us to choose is
the initial distribution of wealth {a;o(so)} so that sequential market equilibrium duplicates the Arrow-Debreu
competitive equilibrium allocation.

Claim: The initial distribution of wealth {a;o(s0)}!_; has to be zero for i =1,2,...,1

Proof: For convenience, we first define the household’s wealth, in terms of the date ¢, history s of the consumption

good as:
Z Z q'r czt yzt( )]
T=t g7 |st

The proof is once again by guessing that the household i chooses a portfolio given by @;11(s¢41,5") = Tirp1(st).

Thus, the value of the portfolio expressed in terms of the date ¢, history s’ of the consumption good is given by:
D aira(sein,5)Qu(sre1,8") = Y Tapa(s™ gty ()
St41 stt+1|gt
Substituting in the expression for ;. 1(s'T1), we get:
Z Gitr1 (541, 8") Qi (5041, 8 Z Z 4y (sT)[eir(s") = yir(s')]
St41 T=t+1 57 |st
This will help us to show that ¢;(s') = ¢;(s'). In the initial period, d;o(so) = 0 for all ¢, thus, substituting the
above equation in the sequential markets budget constraint gives:
Cio(s0) + Z th e (s') — yie(s")] = yio(s0) + 0
t=1 st

The Arrow-Debreu budget constraint holds with equality which then implies that ¢;o(sg) = €io(so) as there is no

initial distribution of wealth, the households must rely on its own endowment stream to finance consumption.
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Moving to time ¢>0 and histories s?, replace a;;(s') in the sequential budget constraint in terms of the net claims

Y,¢(st), we can re-write the value of the asset portfolio as:

Z it (Se41, ") Qe(se41]8") = Tir(s) — [ein(s") = wie(s)]

St+1

Now, given that the period-by-period sequential budget constraint holds with equality, this implies that cg(s?) =
it (st) for all 4,t, s,

Note that in this case, the household will not increase current consumption by reducing the asset portfolio because
of the natural debt limits. The natural debt limit is the weakest possible debt limit for every time period ¢ and
history s® which makes it feasible for the consumer to repay his debt in every possible state and c;;(s*) remains
non-negative. Thus, at any period ¢, the household will not increase consumption because it would not keep him

on the optimal path from period ¢ + 1 onwards for all possible histories.
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8 Monetary Economies

In this section, we’d like to present some models of money and address certain properties and concepts within that
environment. In particular, we will focus on topics including the opportunity cost of money, neutrality (and super
neutrality) of money, the Fisher equation, the Friedman rule and models with both determinate and indeterminate
nominal price levels. All models in this section rest upon the underlying shopper-worker assumption as well as the
cash-in-advance (CIA) constraint, which together determine the sequence of actions taken and the frictions faced

by agents in these money models.

8.1 Cash-Credit Model

For this model, it is extremely important to understand the timing of the events that take place from period-to-
period to understand how the economy evolves and the agent makes decisions. Use the graph timeline below to

help understand the sequence of events within a given period.

Period ¢ Starts  SM Opens Shop/Work/Cash Returns and Pay Credit Period t + 1 Starts

T T T T

Ay Ay =M, + By {n, c1e, car} {R:By,pyne, Ty} At

We assume that a household enters each period with nominal assets (or nominal wealth) A; and decides how to
split this up between current-period money M; and bonds B; where the bond promises to pay R; dollars in interest

at the end of the period. So, at the very beginning of the period, the household decides over the division
Ay = M, + B,. (1)

In this economy, there are two consumption goods and a nominal price level p;, measuring the dollars per
consumption good in period t (or some other currency index). Note that this price is different than the typical
arrow price we have discussed in non-monetary economies. The two goods are the cash good (¢1;) and the credit

good (cgt). for the cash good, we have the cash-in-advance constraint (CIA) that imposes
prery < My (2)

Thus, you can only consume as much of the cash good as your current money holdings will allow. You can interpret
this commodity as a pay up front commodity. On the other hand, the credit good can be placed on some type of
short-term credit balance to be repaid at the end of the period, or at the very beginning of the following period.2®

The household has preferences over the two goods and leisure, given by
Z Btu(clt, Cap, 1 —ny) (3)
t

where the utility function is strictly increasing in leisure (1 — n;) and the consumption goods along with the usual

conditions to guarantee an interior solution. Agents wish to optimize (3) with respect to the CIA constraint (2)

281n reality, cash goods can be thought of as checking accounts, as well. Examples of cash goods would be groceries, restaurant meals,
paying for fuel at a gas station, drinks at a bar, etc. On the other hand, credit goods could be objects such as utility services, where

you receive the service and our expected to pay within a month or year’s time.

55



Econ 8106 Chari Notes

and a sequential budget constraint
Agr1 +pecre + pecor = My + pyng + Ty + Ry By (4)

and initial conditions My + By = Ag. Because next-period assets will be split between next-period cash and bonds,

we may equivalently view the budget constraint as
M1 + Biy1 + pecie + pecar = My + peng + Ty + Ry By (4*)

depending on whichever you find more intuitive or convenient. I find (4) most intuitive, as it says that whatever
is not spent on cash or credit goods (i.e. the period’s net revenues) is simply rolled into next period’s asset holdings
Apg.

So, the consumers current period money holdings, labor returns, lump sum tax revenues and end-of-period return
on bonds act as within-period revenues, divided between next-period asset holdings and current-period consumption
of the cash and credit good. Let’s refer back to the timeline and formally run through the sequence of actions.
The agent enters period ¢ with some quantity of wealth/assets A;. The agent immediately goes to the securities
markets and divides the assets into cash and bonds. Next, the agent works (some quantity n;) and buys both ¢4
and cg;. This is the shopper-worker dichotomy. The agent’s purchase of ¢y, is restricted by the CIA and financed
solely through the previously chosen money holdings M;. Lastly, at the end of the period, the agent receives income
returns from labor services, bond investment and government transfers. He uses this to pay for the credit good,
and pockets the remainder as A;41 for next period.

We further impose a no-ponzi condition
B _
—t—p>-B (5)
Pt

for some scalar B > 0, along with a government budget constraint
RB; + Ty, = Bj |, + (M;,, — M;). (GBC)

The LHS can be interpreted as the government expenditures where the government pays its receipts on bonds
and transfers to households while the RHS can be viewed as revenues through debt-financing and money creation,
respectively.?? In addition, throughout these notes, I will use capital letters M and B to denote the nominal
quantity of money and bonds, whereas lower case letters m and b will refer to their real value, after being divided

by the same period price level.

Definition 8.1. A competitive equilibrium is defined by the allocations {(c1t, cat, 1) }i20, quantities {(My, Bt)}2,
and prices {(p, Re)}52o such that i) households mazimize (3) subject to constraints (1), (2), (4*), (5) and the initial

asset conditions and ii) markets clear:
1. cip+cop=mng WVt
2. RyB} + Ty = Bj + (M{, — M) Vit

3. Mf=M, AN BS=DB, Vt

297, > 0is a lump-sum transfer and T3 < 0 denotes a lump-sum tax.
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We assume that the sum of cash and credit goods is equal to total amount of labor employed by the agent in
each period; thus, there is a 1-to-1 production rate and conversion rate between the two goods. Apply Lagrange
multipliers of A; and p; to the household budget constraint and CIA, respectively. While the agent chooses holdings
of money and bonds for the current period, we will perform the maximization with respect to choices of m;;1 and

41 without a loss of generality.?® This yields the following system of first-order conditions

[exe] :BPure = pe(Ae + pe) (6)
[cat] :B"uze = Nepy (7)
[ne] :B"tnt = Ny (8)
[Bi] :Ae—1 = MRy (9)
[Myy1] :he = A1 + g (10)

Let’s do some simplifying. Plug condition (10) into (6) to get Su1; = pAr_1. Then divide this by equation (7)
to obtain
Uit :pt/\tfl
U2t At

R, (1)

where the last line comes from employing equation (9). Loosely speaking, condition (11) requires that the marginal
rate of substitution between consumption of the cash good and the credit good is equal to the gross rate of interest
for bonds. Assuming strictly increasing, concavity and Inada conditions on the utility function, as the return on
bonds increases (holding all else constant) the LHS must adjust by decreasing the ratio of consumption between
cash over credit goods. In other words, higher interest rates increase the opportunity cost of holding money balances

(which have lower return).3* Next, divide equation (7) by equation (8) to obtain

U2t
— =1. 12
o (12)

Lastly, let’s attain an inter-temporal condition with respect to the cash good. For this, let’s divide the ¢ condition

30Check for yourself that it doesn’t matter whether you maximize with respect to { My, B} or {My41, Bi+1}-
31You may be wondering where the labor wage is within the budget constraint. In this model, given the production function

nt = c1t + c2¢, the wage rate turns out to be wy = 1. To see why this is, consider the firm’s problem:
max p¢[ng — wing]
nt
s.t. cit + cor < ng.
Taking the first-order derivative, we arrive at the condition:

pz[l—wt]=0:>wt=1.

57



Econ 8106 Chari Notes

(6) by its t + 1 counterpart

Blury _ pr(Ae + fit)
B urir pep1r (Ao + pieg1)
L N
M N
I
uie Ry

— 13
Buier1r e (13)

Here, we use the formula IT;1; to measure the inflation (or gross rate of change) in the price level pyy1/p;, from

period t to period t + 1. Doing the same for the credit good condition, we observe

Uzt Riyq
Bugeyr Iy

(137)

Equation (13*) is a famous term (the Fisher Equation) in disguise. The LHS of the equation is the ratio of marginal
utilities for current and next-period consumption of the cash good, measured in date ¢ present value. Given that

these terms are relatively close to 1 and after some re-arranging, we arrive at

Ut
Ry = 11
o (5U2t+1 o
= 1+Tt+1 :(1+72t+1)(1+7rt+1) (14)

where the lower-case variables represent net values from the gross terms. This identity is approximately represented
by r4 = 7t + m. Generally, this is interpreted as saying that the nominal return on bonds is equal to the sum of
the real return and the inflation of the price level. Bonds are held over the period in expectation of the total return
R;. The opportunity cost of holding these bonds is the ratio of marginal utility received from consuming the credit
good. Thus, if bonds are to be attractive investments, they must be at least as high as this cost. Further, during
the time of holding bonds, additional money may be created; thus, as money enters the economy, it increases the
price level p; to p,y1. Therefore $3 today does not buy as much tomorrow and the investor must be compensated
for this inflation. In total, the nominal return on a bond must be enough to compensate for the opportunity cost

of consumption plus the decrease in purchasing power from inflation.

8.1.1 Opportunity Cost of Money

Now, let us rearrange the budget constraint to make some observations about the use of money within this model.
First, recall that the Arrow-Debreu price ¢; represents the price of a unit of consumption at time ¢, measured in

terms of period 0 consumption. We can express this price as

4 = 1 pe 1 pi _ Pt
;= — R
Ry pi—1 Ri—1pi—2 I _,R;’
or more simply as q; = R%p‘;"jl q:—1- What does this expression say? The value of time ¢ consumption measured in

units of the time 0 good is equal to the nominal price level at time ¢ divided by the product of government debt

interest rates, up to time t.
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Now, let us multiply the household budget constraint by £ to get

M, B M T q: %y B
Qe+ + QBe+1 _ qeMe deC1 + ey — geeop + T2E At | QD (14)
Dt Dt Dt bt bt

Next, add up the household budget constraints from time 0 to time T

T ¢ T ¢ T " T T " T @
t t
SLVHED SF TR 31 1A I CIERERALD 9 LU 9 17
=0 Pt =0 Pt t=o Pt t=0 t=o Pt =0 Pt
which can be further compacted to
—~ @ q — & 4 Ty, 4
1 1 0
Z =t Mt+1+z Lt Rt+1}Bt+1+ MT+1+ BT+1 < *MO—Z% 01t+C2t—nt—*}+ ROBO
i—o Pt DPt+1 bt Pt+1 Po =0
(15)
Next, plug the identity g;r1 = R:ﬂ P ;“ @ into the g;41 term for next-period bonds in equation (15) to get a series

of cancellations, leading to

— T
T
Z (2 Ny + My + By < LMy + RoBo) — > alere + o — g — . (16)
i—o Pt Pt+1 pr pr Po =0 2

We now impose a transversality-type assumption:

Brez _ . (TVC)

. Mo
lim  qiy1 + Gt+1
n—00 1 DPi+1

Why are we justified in making this assumption? If this were not true, and instead the quantity q;+1 [A;‘:f +§:7112] >0
in the limit. Then, this quantity can be marginally decreased and consumption of goods ¢1; and co; can be marginally
increased on the RHS of (16). Given strictly increasing preferences, this would necessarily increase expected lifetime

utility; thus, we impose this condition at the equilibrium. In taking the limit of (16), we observe

T
th Qt+1]Mt+17 0[M0+RoBo thcu+02t*nt t}
Pt Dt+1 Do t=0 b
T;
Z ZHi Ry — 1My + th cig +cot — Ny + t] o [MO + Ro By (17)
t+

t=0

where we normalize the date-0 Arrow-Debreu price to gg = 1 and we observe inequality because this condition holds

at the equilibrium. Getting to the last line requires Mt+1[qt Zii] = %Mtﬂ [”;}%qfﬁ —1] = Z’L My q[Rep1—1)

through playing with the equation for ¢;. Lastly, a little manipulation and use of the initial conditions, we can

isolate Ag on the right hand side:

@[Mo + RoBy) Zq*OMo + @ROBO (18)
Po DPo Do
40 qo
=—My + —RO(AO — M)
Po
49
=——(Ro — 1)M0 + Rvo
Po

which can be plugged into (17) for the final representation

o] 0o T
Z %[Rt — I]Mt =+ th[clt =+ Cot — Nt + i} = qfORvo. (19)
i—o Pt =0 bt Po
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We will refer to equation (19) as the consolidated budget constraint. Observe that the RHS is an expression for the
real value of initial wealth for the representative agent. This should somewhat remind you of the implementability
constraint in Ramsey problems. Thus, initial wealth is divided between the time 0 value of consumption less
work /taxes and a term containing a measure of real money balances through time. If R, > 1, the money component
has positive value in the equation and then the consumption/labor component is reduced, necessarily leading to a
reduction in lifetime utility. In this sense, nominal interest rates in excess of 1 represent the opportunity cost of
money. More on this later.

Let us now consider two different stationary settings in which the money supply, quantity of bonds and lump-
sum transfers are fixed in some sense. First, consider the basic case in which M; = M, B, = Band T, =T Vt. So,
government money creation, bond sales and transfers are fixed quantities for every period. This further will imply
that the price level and interest rate are fixed at p and R, respectively. Going back to the inter-temporal equation
(13*), we simply have

1

R= 3 (20)

as quantity of consumption is constant, as well. This is equating the nominal interest rate to the inverse of the
discount factor in equilibrium. If we instead let the money supply grow at some constant rate § > 1 such that

M1 = (14 6)M;, then the price level would adjust accordingly as p;y1 = (1 + 6)p; and we would observe

1 1 1
R=gl=5(l+m) = 5(1+0) (21)

This is simply a unique case of the Fisher equation. The term representing the real interest rate on bonds is
simplified due to a constant level of consumption through time. Thus, the real rate of return for the bonds (or its

opportunity cost of investing) is simply the inverse of the discount factor.

8.1.2 Money Neutrality and Superneutrality

Let’s now discuss neutrality. In this model, if we were to take two economies with objects (c1¢, car, ny) with money
stock M; and a separate economy with objects (¢1¢, éat, 7r) and money stock aM; where a > 0, all else is the same
and these objects are equilibria, then the allocations for consumption and labor/leisure are identical. Look at our
model in a steady state with constant money stock, as characterized by the FOC in (20). A one-time increase to
the stock of money leaves the first-order condition unaffected and thus doesn’t change the quantity of real variable.

We would call this model economy neutral.

Definition 8.2. An economy is money neutral if the equilibrium allocations are invariant to a one-time change in

the stock of money.

Let’s say you are living on an island with one other inhabitant, Jeff. You and Jeff are pretty sophisticated and
enact an enforceable currency system with the 10 one-dollar bills you found. In this economy, the price of coconuts
eventually becomes $1. What happens when ten more dollars wash up on shore one day? The money supply
doubles, the price level doubles, coconuts become $2 and your equilibrium allocation does not change at all. This

is a crude example of money neutrality. The price level changes but the real quantities (the things that actually
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matter for utility) do not change. Now, let’s move to another common property that some monetary economies

exhibit: super neutrality.

Definition 8.3. An economy is super neutral if all real variables are invariant/independent with respect to changes

in the steady state long-run growth of the money supply.

For our cash-credit model, we introduced two different types of stationary equilibria: one with a constant stock
of money supply and the other with a growing supply, at some rate §. When this is the case, we saw that the
equilibrium gross interest rate on government bonds was set to R = % If the rate of money growth and hence
inflation was altered to 6’ > II, we would see an increase in the equilibrium interest rate to R’. What implications
follow from this? With higher R, the opportunity cost of money (or the money wedge) is increased, leading to a

decrease in lifetime utility and an affect on the real quantities in the economy. Thus, our model economy does not

exhibit super neutrality.

8.1.3 Optimal Quantity of Money and the Friedman Rule

Now that we’ve presented the structure of the model and some of the interactions that are taking place, we can
address the question of optimality. When the CIA constraint binds, there can be a certain cost to holding money.
This cost is reflected in the fact that agents could be investing their assets A; in bonds, which earn some return

R > 1. Let’s first look at the social planner’s approach to our economy:

max Zﬂtu(clt, cot, 1 —ny)

s.t. ci1t+ cop =ny

which leads to first-order conditions:

[C1t] iﬁtult X =0
[cat] :B uae — Ay =0

[’flt] :Btunt — )\t =0

which implies that in the optimum we have

e _ . (22)

U2t

Thus, for a competitive equilibrium to attain the social optimum, we must equate equations (11) and (22) by
setting nominal gross interest R, = 1. Let’s hark back to the Fisher equation. Under this setup, it is advised to set

the net interest rate to zero (i.e. 7 = 0). The equation becomes

with the real net interest rate in the economy set equal to the negative of the net inflation rate. Thus, the optimal
policy is to pursue deflation in the economy, slowly shrinking the money supply. This insight is attributed to Milton
Friedman and is called the Friedman rule. Does this sound right? One line to support this result is equation (19).

Having a nominal gross rate of 1 would cancel the first component of the LHS of the equation. In effect, this would
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maximize the amount of initial wealth that could be spent on real quantities. In addition, recall that there is an
opportunity cost to holding money, and the only reason for holding the asset is that it is required to consume the
cash good. What is this opportunity cost? The return R; that one could get from a bond. When R; > 1, the
CIA constraint will bind and the consumer will choose a sub-optimal level of consumption of the cash good, due
to the constraint. This constraint binds because the nominal quantity of money simply has a return of 1. Thus,
as an investment vehicle, it is an inferior product. By shrinking the money supply, the real value of a household’s
money is increasing at a rate equivalent to that of the bond return. Thus, under the Friedman rule, households will

consume the optimal quantity of goods ¢y; and ¢ as if there were no CIA constraint.

How is this policy implemented? The government must steadily decrease the money supply, so it may implement

this policy through lump-sum taxes on household money stocks at the end of the period.

8.2 Stochastic Cash-Credit Model

Now, we may augment the model to exist in a stochastic environment in which output is some random variable
of an underlying shock. In particular, assume output y(s) is exogenously given with s as a random variable in a
finite state space and following a Markov process with a stationary transition function 7(s’|s). For some initial
simplification, we will take the labor/leisure decision and bonds out of the current model. Thus, consumers simply

seek to maximize
DO ulen(s), ear(sh)). (1)
t st

The randomness comes in the forms of shocks to the consumer’s endowment, as well as the growth rate of the
money supply. For the government, the growth rate of money is defined by the function g(s*) which is a gross
rate measure of money supply growth. Let’s further characterize the economy’s aggregate stock of money as M, at
time t. The government budget constraint is simply to transfer the money stock to households through a lump-sum

transfer scheme. Thus, we observe the following aggregate law of motion for the money supply
My(s) = g(s")My_1 = M,_1(s" 1) + Ty(s") (2)

in period t. In this model, we will consider stationary equilibrium; thus, without loss, we will drop the time

subscripts on the relevant variables. The CIA constraint is given by
p(s)ei(s) < M(s) 3)
and the consumer faces the period budget constraint
M'(s") = M(s) + p(s)[y(s) — c1(s) = ea(s)] + T'(s). (4)

A couple of things to pay attention to: The agent no longer enters the next period with assets A;;1 which
may be divided into current-period money and bonds. Now, the agent simply goes from period to period with a

certain quantity of money, determined by their previous period consumption and the stochastic transfer from the
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government. Thus, in period ¢ an agent implicitly chooses money stock M;,1 by determining how much to consume
of ¢1¢ and cg;. The remainder of money after that plus the end-of-period transfer from the government Tyy1(s'h)
determines the cash available for period ¢+ 1. Thus, the agent chooses pre-transfer cash holdings, given expectation
of the transfers Tt+1.32
Before moving on, let’s divide both the CIA and budget constraint by the current period aggregate stock of
money M. This leads to
Ps)er(s) < M(s) (3%)

where hatted variables are for when objects are divided by the aggregate level of that period’s money stock. Further,

we have
M'(s")g(s") = M(s) + p(s)[y(s) — er(s) — ca(s)] + 9(s') — 1. (47)
For the LHS, we use the operation %/ = %j % = M'g(s') and given that T’ = M- M, we get the expression

g(s") — 1 after dividing by the current period money supply.
We can now recast this problem as a functional equation for the consumer. Given the current state, as defined
by money holdings and current-period shock, the agent must make decisions with respect to current consumption

of ¢; and co, as well as next-period pre-transfer cash holdings M’. We may write

v(M,s) = {cl(lﬁif(s)}{u(cl(s)’ ca(s)) + 6 Z m(s'|s)o(M', s")} (5)

subject to
pls)er(s) <M(s) (CIA)
M'(s")g(s) =M (s) = p(s)[y(s) = c1(s) — ea(s)] + g(s') = 1. (BC)

c1:(s), cat(s) >0

In the Lucas-Stokey paper, they specify the choice of pre-transfer balances as x3. In this setup, z3 = M (s) +
P(s)[y(s) — c1(s) — e2(s)], which leads to next-period money balances of M'(s") = %ﬁ,;)_l where the per capita
money holdings are normalized to one in each period (i.e. M(s) = 1). Under strong enough assumptions for the
utility function and correspondence defining the feasible set of choices, we can prove the existence of such a value

function v which implies the existence of policy functions for the choice variables.

Definition 8.4. In this economy, a recursive competitive equilibrium is defined by a value function v, policy func-

tions for {é1,¢2},, a pricing system p(s) such that
i. v is a solution to the functional equation (5),
1. policy functions g.1 and geo solve the functional equation, and

7i1. markets clear:

32This notation is a little confusing because we have Tyy1 in the period t budget constraint. This may be rewritten differently to
achieve the same desired result. The only point being made is that the agent is not certain of how much cash she will have on hand in

the following period.
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a. c1(s) +ca(s) =y(s) VselS

/

b. M (s')=M(s)+T(s") Vs,s'e€S

c. M(s)=1 VseS.

For the market-clearing condition (ii)(c), we require that the aggregate supply of money, given any shock, is
equal to the aggregate post-transfer money holdings for the representative agent. Recall, M represents per capita
holdings; thus, the condition requires that M (s) = M(s).

This model may easily be extended to include a one-period bond. In particular, we may include B’ which is a
bond, promising to pay 1 unit of the consumption good in the following period. Further, this bond is associated

with a price ¢’(s’). Now, once again, the agent will enter the current period with A(s) in nominal assets,
M(s) + q(s)B(s) = A(s)
with the same CIA constraint and a slightly augmented budget constraint
A'(s") = M(s) + p(s)[y(s) — c1(s) — c2(s)] + T'(s) + B(s).

Under this setup, there are two primary results from the Lucas-Stokey paper. Result 1: Given that the shock s
is iid, the price of the one period bond ¢(s) is independent of s. Result 2: Given that s is #d and y(s) = 7 for
all s, then p(s) is independent of s, implying that ¢;(s) and ca(s) are independent of s, as well. Result 1 claims
that if shocks to worker income and the money growth rate are independent and identically distributed, then the
pricing of claims to next-period units of consumption no longer depend upon those stochastic processes. Further, if
the shocks are iid and only affect the money growth rate, the price level (and hence inflation) are independent of
the stochastic process for s. In addition, consumption decisions are made independent of the shock to the money

supply in every period.

8.3 Price Indeterminacy

Often we care whether or not the nominal variables in the model have been uniquely pinned down. Consider this

first, formal definition of an indeterminate variable.

Definition 8.5. Let {x:}72, be some equilibrium sequence, consisting of a price system and allocations for the
households and firms. This sequence is indeterminate if for some neighborhood N of {x:}, every sequence {&1} € N

s also an equilibrium.

In this sense, an economy has multiple equilibria if both {z;} and {#;} are equilibrium; thus, indeterminacy
implies multiplicity of equilibria. Specifically, when we are considering the price system, we may solve for all of the

real variables in the model but fail to find one particular price that satisfies the equilibrium conditions.

8.3.1 Classic Monetary Model

Consider the following example, based upon the model and results presented in Chapter 2 of (Gali, 2015). In what

follows, let capital letters denote nominal variables and lowercase letters for their log transform. A representative
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agent wishes to maximize

Eq iBtU(Ct,Nt[Zt])

t=0

where Cj is consumption, N; is labor at time ¢ and Z; is a stochastic shock. This maximization is subject to the
budget constraint

P.Cy+ QB < Bi_1 + W Ny (1)

where P, is the price of the consumption good, W; is the nominal wage and B; is the price of a one-period, risk-free

bond. Also, given that the representative firm has a production function Y; = A, N}~ this leads to the first order

conditions

Una _ W,

[Ct} - Uc,t - Pt (2)

Uct+1 Pt
N, —ptyze —t 3
[Nie] : Qe =B Uor Piot (3)
W —«

N2 5= (1= a) AN, (4)

t

along with a transversality condition on the real value of one-period bonds.
Now, let us consider the utility function
1+¢

N,
U(Ct,Nt) = [lOgCt — lz—d)]Zt

and let us assume the following exogenous process on both productivity and stochastic shock parameters:

at = pali—1 + € (5)

2= pz2—1t+ € (6)

where the coefficients are elements of [0, 1] and a; = logA; and z; = logZ;. Given the specific utility function above,

first-order condition (2) becomes W, P, = CZ N{, which is
Wy — Py = 0C + PNy (7)

in log-transformed terms. In addition, and using a Taylor-series expansion around the steady state, the log-

transformed version of first-order condition (3) is

1 . 1
et = Eyleip] — ;(lt — Ey[mesa] — p) + ;(1 — p2)2t (8)
where iy = —log(@Q; is the nominal interest rate, m11 = piy1 — py is the inflation at date t and p = —logf is the

discount rate.?* In addition, the log-transformed firm first-order condition (4) becomes

wy — pe = log(l — ) + ar — any. (9)

U, Z
iEt[ c,t+1 4t+1 Py

33The Euler equation can be rewritten as 1 = ron Tt 2t Pryi
¢ .t ¢ Py

]. This implies
1= Eilexp(it — p — 06ct41 + 62141 — Teg1)], *)

where we now utilize the log-transformed variables. A steady state with constant productivity growth v and constant inflation 7 (in

which dc; = 0) is characterized by ¢ = p+ o7+ m. Thus, a first-order Taylor series expansion of the exponent above, around the constant
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Lastly, let us introduce/postulate a money demand equation for real balances.
My — Pt = Ct — Nig (10)

where n > 0. For now, this demand equation is more or less coming out of thin air, but we will use for purposes of
this example.
Equate equations (7) and (9) and sub in y; for ¢; to get an equation in terms of n; and y;. Then, given the

log-transformed production function y; = a; + (1 — a)ny, we can solve for y; and ny:

B l-0 log(1 — )

nt_a(l—oz)—!—qﬁ—!—aat o(l—a)+ ¢+« (11)
B 1+¢ (1 —a)log(1 —«)

yt_a(l—a)—i—gzﬁ—f—aat cl—a)+d+a’ (12)

Next, making use of the identity i; = r; + E¢[m+1], known as the Fisher equation, we can solve for the real interest
rate r; by utilizing (8), market-clearing conditions and the assumed processes (5) and (6):

U<1 - pa)(l + ¢>

0(17Q)+¢+0¢at. (13)

re=p+(1—pz)z—

Given our results for ¢; and y; in (12) and n; in (11), we can derive the real wage w; —p; from equations (7) or (9) by
making the proper substitutions. Thus, the real variables and the real prices are determined, absent of knowledge
of monetary policy, which is dictated by (10).

To examine a case in which the price level is not determined, consider a monetary policy where the nominal
interest rate is exogenous and of the form

it =i+ V¢ (14)

where v; follows the process

— v
Ut = PpUt—1 + €,

where we will refer to the v;’s as monetary policy shocks. From examining (13), if there is no growth (in the form
of shocks z; and a;), then the steady state real interest rate will be » = p. Thus, in a perfect foresight, steady state
equilibrium, we will observe

t=p+m.

steady state, is
exp(it — p — odciq1 + 0z¢41 — Me1) =1 4 (it — 1) — 0(Ace41 — ) + Azip1 — (M1 — )
=1+it —oActy1 — 741 + Azgp1 — p
where we make use of the steady state identity above for i. Thus, to equate the LHS of (*), we must have 1 = exp(1), which implies
ct = Et[ct41] — é[it — Et[me1] — p— (1 — pz)ze]
which is the approximate Euler equation, where I made use of

Et[AZtJfl} = Et[pzzt + ef — Zt] = (pz — 1)Zt.
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Thus, consider

Ky [7Tt+1] =iy — Ty
=1 + Vg — Tt

:7T+Ut—ft

where 7y = r; — p and the third equality makes use of the perfect foresight, steady state equilibrium quality for .
Thus, expected inflation is uniquely pinned down, but now consider actual inflation 7y = p; — p;_1. There does not

exist another condition that can uniquely solve for this value. Therefore, any equation satisfying
T =T+ V41 — 1 + Ut

where u; is a shock, satisfying E;_1[us] = 0 constitutes an equilibrium. This can be rewritten for the period ¢ price
level as

Dt = D1 + T+ Vi1 — Peo1 + Uy

Thus, we have price level indeterminacy in this classic monetary model when the monetary policy corresponds to
the money demand equation (10) and a stochastic, exogenous process for the nominal interest rate. When the
process on monetary policy or the interest rate rule, we can have situations in which the price level is uniquely

pinned down. Refer to the Gali text for these.

67



Econ 8106 Chari Notes

8.3.2 Woodford Model

For another example of price indeterminacy, I will briefly review the deterministic model from Michael Woodford.3*
Consider the same discounted utility maximization problem, where we assume that u is strictly concave in its credit
and cash good arguments and define
¢ = argmaz u(cy,y — c1)
c1
where we assume 0 < ¢; < y, showing that the maximizing argument of the utility function is interior and less than

the deterministic endowment y. The representative agent is subject to the following constraints:

prciy <My (1)
My + E[ry1Bip] <A + T, (2)
A1 = My+pi(y — c1r — cot) + By (3)

as well as non-negativity constraints on consumption, a no-ponzi condition on asset holdings and initial assets Ag
is given. Equation (1) is the classic CIA constraint for the cash good. Equation (2) defines the securities market
restrictions that the agent faces every period. In particular, Given incoming assets A; and a government transfer
T;, the agent allocates this between current-period nominal money and purchases of next-period bonds, promising

to pay one unit (measured in some abstract unit of account). The government faces a similar budget constraint
Mt + E[T‘t+1Bt+1} = Mt—l + Bt + Tt. (GBC)

Without spending time to re-derive, the paper shows that if a competitive equilibrium exists, it is necessary and

sufficient to observe:

z% (4)
Cot =Y — C1¢ (5)
ua(1my) :BE[Ul(mtJrl)] (6)
Dt DPe+1
U (B)rppr =B-Luy (t+1) (7)
Pt+1

Essentially, we find that at bond interest rates R; > 1, the CIA constraint binds, pinning down cash good consump-
tion as equal to the real money balances being held. Further, the household resource constraint holds within each
period. Using lowercase notation for real money balances, equation (6) provides an inter-temporal and cross-goods
equation for marginal rates of substitution, and equation (7) is the more familiar inter-temporal constraint for the

cash good. After some substitutions, the equilibrium can be sufficiently characterized by

5P u1(mt+1)_ (8)
Dt4+1 U1y

Tt4+1 =

Now, as a simple case, let’s consider an constant money growth fiscal policy, where the money stock grows according
to

M; = Moyg' (9)

34 Monetary Policy and Price Level Determinacy in a CIA Economy from Economic Theory 4 (1994).
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where g is some constant, greater than 1. Further, the government implements this policy through lump sump
transfers, using the operation

Ty = (g — 1) M. (10)

Assuming a stationary equilibrium, the Euler equation (6) simplifies to
up(m*) = “uy (m*). (11)

where m* is real money balances, satisfying m* = % from the CIA constraint. Now, a couple results from the

paper.

Proposition 8.1. With additively separable preferences (i.e. u(ci,ca) = u(cr)+u(ca)) and exogenous money supply
growth g, if i) g < B, there does not exist a steady state equilibrium, ii) if g = 3, there exists a continuum of steady

state equilibria and i) if g > 8, steady state equilibria are locally isolated, if they do exist.

In a following section, titled self-fulfilling inflations, we can consider the following assumption

lim cuy(c) = 0. (13)

c—0

Proposition 8.2. Suppose that peferences and the rate of money growth g satisfy assumptions (12), (13) and the
usual assumption on the utility function uw. Then there exists a continuum of perfect foresight equilibria in each of
which real money balances approach zero asymptotically, and also an infinite number of sunspot equilibria in which

real money balances approach zero asymptotically with positive probability.3?

The paper goes on to characterize many different conditions that are sufficient and/or necessary for unique

equilibria determination under both the constant money growth regime and an interest rate peg regime.

35Refer to the paper for definitions of perfect foresight equilibrium and sunspot equilibrium.
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9 Sticky/Stagnant Price Models

There exists evidence in data regarding slow adjustment of aggregate price levels (macroeconomic evidence) and in
significant price and wage rigidities in markets (microeconomic evidence). If our objective is to develop economic
models whose results are close to the data, so that we can further understand how this economic variables work,
we need to include some stickiness to prices in our models. We will work with the basic New Keynesian model, in
which monopolistic firms can adjust their prices in each period with a constant probability 1 — #. This is based on

the staggered price-setting model of Calvo (1983).

9.1 About the staggered price-setting model

Imagine there is a fairy in the economy, which we refer to as Calvo fairy. This being appears at the beginning of
each t, chooses fraction (1 — 0) of firms randomly and taps them on the shoulder, giving them the permission to
change their prices. This occurs every period.

A more realistic story is that there are small costs of changing prices in the economy, referred to as menu costs.
Assuming a unit mass of firms in each period, a fraction 8 of firms find it too costly to adjust their prices to
unanticipated shocks in the economy.

For a firm that sets its price in period ¢, there is a (1 — ) chance of resetting price next period. With probability
6, the firm has to keep its price fixed in period ¢ + 1. So, the chance of a one-period rigidity is #(1 — §). Therefore
the expected length of price rigidity is

o0

> R -0k
k=0

which is a geometric power series converging to 1/(1 — 6).

9.2 Environment
There are three types of agents in the economy:

1. Households

Representative agent infinitely lived whose preferences over consumption of different varieties of goods, labor,

and money are represented by the following utility function in expected form:
o0
Eo Y BU(Ci, Ni) + V(M;/Fy)]
t=0
where C} is a consumption index for each differentiated good i. We will assume there is a exogenous continuum

of such goods in the economy, of unit mass.

2. Firms

There is a unit mass continuum of monopoly firms (they choose their own price) that produce each differen-
tiated good 4. In each period, fraction 1 — @ of the firms have the chance to adjust their prices, while fraction

0 has to keep their price fixed and meet the demand in the market.
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3. Government

The government prints money and supplies it to the household, emits and pays bonds traded with the con-
sumer, and gives transfer to the consumer. We assume will assume stochastic money growth that will generate

an ad-hoc money demand equation.

9.3 Households
Problem of the representative household is:

o0

ma; E HU(CL(s), Ny(st)) + V(M (st)/Py(st
Ct(i,st),Bf,Jrl}((st),Nf,(sf) otZﬁ[ ( t( ) t( )) ( t( )/ t( ))]

=0
1 e—1 %1

s.t. Cy(s') = [/ Cy(i,s") < di|
0

1
/ Pt(i,St)Ct(i,St)di + Mt(St) + Qt(st)Bt+1(St,St) S
0
Bi(s"1) 4+ Wils")Ni(s") + Ti(s') + Mia(s'™1) + (s
T—o0

The last condition rules out the possibility of Ponzi schemes in the economy. For notation purposes, we are
omitting the history dependence of the variable, but they should be taken into account.

To solve the household problem we need two different steps: (1) to decide the fraction of wealth household
wants to allocate to consumption, and then (2) divide this fraction between the different varieties of consumption
goods. We will begin with the latter; given an amount W of wealth dedicated to consumption and price of each
differentiated good, how the household divides W between varieties. Since we have separable utility with money,

we can write the problem as follows:

max U(C, N)
C ()

st C = [/1 (J(i)‘:ldi]ﬁ
0

/O CP)Civdi = W

The first order conditions for variety i:

e—

U.(C, N)C(i) = [/10(/@ Sdk]i = AP(i) Vie (0,1)
0

where A is the lagrange multiplier on the budget constraint.
Dividing the first order conditions for varieties ¢ and j we have:

iy _ P)
CGY T PG)
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Plugging back the last equation to the definition of C,
1
/|

C:

I3

)] ™ dz‘]

Py i)
(1 Poy—ea]

C

P

©= P(i)

L))

Cj) =

where P = [fol P(i)l’edi] 7% is the aggregate price index.

Additionally, we can rewrite the budget constraint as:
1 1 .
P —e€
W= / P()C(i)di = / P(i) [#} Cdi = PC
0 0

using the definition for price index in the last equality.

Regarding the decision between consumption and labor, the consumer’s problem can be written as,

max E HU(Cy(sY), Ni(st)) + V(M (st) /Pi(st
0 5y 2 BTG )+ V(S P

Pi(s")Ci(s") + Mi(s') + Qi(s")Bira(s') < Bi(s'™1) + Wils )Ni(s') + Tu(s") + Miea(s'™) + THi(s")

T—o0

The first order conditions are defined as follows:
Brmi(s)Uo(s') = Pi(s")Ai(s")

Bimi(s")Un(s") = —Wi(s")Ae(s")

Brme(s")Var () (1/Pu(s")) = Auls™) = D A (s™)

St41]st

Qu(s )\ (s") = Z At1(se41)

St41|st
Var(s') = Uc(s")(1 — Qu(s"))
The optimality conditions derived from the first order conditions:

Uy (t) W,

Uct)y P

Uc(t+1)P,
Uc(t)Peya

Now, lets assume that the utility function takes the following separable form,

Qi = 5Et[

Cl—a N1+¢ (M/P)1+0(

N) = _
U(C,N) 1-0c 1+¢ 1+a
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Then the optimality conditions can be written as

160 P
1=E (8~
t<5Qt c; e Pt+1)

(My/P)* =C77(1 = Q)

N W
Ct_aiPt

The Euler Equation can be written in natural log terms as:

1= Ei(exp(log B+ it — 0 Acti1 — Te41))

Py
t

where i; ~ log(1/Q+), Acty1 = 1og(Cii1) — log(Cy) = cpp1 — ¢ty Uiy = , and lower case letters represent

the logarithm of the variables. (Note that log(1 + i;) = log(1/Q:) == iy.)

On a balanced growth path, assuming consumption grows at a constant rate -, we have

1 =exp(logB8+i—oy—m)
i=—logB+oy+m

A first order Taylor expansion around the balanced growth path yields:

exp(log 8+ it — 0 Acit1 — 1) = 1+ 1og B+ iy — 0 Acsr1 — Tea1

Substituting the last result in the Euler Equation gives

1 .
ct = Ey(ciq1) — ;(bgﬁ + iy — Ey(mi11))

The optimality condition between labor and consumption can also be expressed in logarithmic terms,

Wi — Py = 0Ct + PNy

9.4 Monopoly firms

The continuum of monopoly firms produce each good ¢ with the same technology:

Yi(i) = AeNi(4)

Firm ¢ faces a demand function from the consumers,

—€

Py(i) o

P

Cy(i) =

and takes price index P; and aggregate consumption C} as given. Firms change their prices in Calvo Fairy style.
They discount future profits with g; ;1 (s**)m(s'T*|s*) which is the value of one unit in ¢ to be delivered in t + k

given history s‘t*.
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The problem faced by the firm choosing in ¢ to adjust its price is as follows.

xS 0" (a1 (P Yieaio(6) = W (Vi (0)))
) k=0

P (i)
Piig

st Yigrp(i) =

where V¥ is the cost function.

The value of g; ;1 (s**)m(stT*|st) corresponds to the price of a bond bought in period ¢ (with history s*) and

k

received in period ¢t + k given history s*t*. To obtain te value let’s consider the following endowment economy

consumer’s problem:

Eo Y Blulen(s")

max
ct(8),beyr (sTHF|st) p

s.t. pe(sh)es(sh) + qt7t+k(st+k)ﬂ'(st+k\st)bt+k(st+k|st) < pe(8H)ye(sh) + by(sh)

Then the first order conditions of the problem are:

Brmi(s ) ue(s") = Xe(s')pe(sh)
A () qeaan(8TF)m(s"F]s") = Nqw(s71F)

Then the optimality condition for the price of the bonds:

t+k) _ pk Uc(SHk) pt+k(3t+k)

qt,t+k\S =
( ul) ()
Returning to the monopoly firm’s problem, we can substitute for the demand function, and rewrite the problem

as

oo

max D7 0B, (a0 (P PLE) ™ PiaCorn = Wosn( PO~ PiiCin))
t k=0

The first order conditions for this problem with respect to P (i) (and substituting back for Y% (7)),

Z 9kEt< Qtt+k ((1 — €)Yk (i) + €P(8) T Yo (4)
k=0

If we multiply both sides of the equality by P.(¢)/(1 — €),

8\I/t+k(yt+k\t)) —0
Yy ke ()

€
e—1

Z 0" E, (Qt,t+kYt+k|k(i) (Pt(i) -
k=0
_ a\:[lt_;’_klt(i)

~ OV
If technology is the same for every firm, then v (i) = 145 (j) which implies that P;(i) = P:(j) = Py

wt+k|k(i))) =0

where ;4 1. (7) is the nominal marginal cost of the firm on period ¢ + k.

Note that if § = 0, with frictionless optimal pricing, the condition is equal to

€

Pr=—
t c_ 1"/}t+k|t
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which means that the price of the monopolistic firm is marked up above the marginal cost by a constant that

depends on the elasticity of demand. Denote this markup M = 5.

Dividing this equation by P,_; (price index at time ¢ — 1) and substituting for inflation II;_1 ;44 = P

rewrite this condition as:

Py Vivkft Prir
29 Ey <Qtt+kYt+k|t(Pt -M ;r t Pt+ )) =0
k=0 1 t+k t—1

P*
29 Ey <Qf t+kYt+k\t( -M Mct+k|t |1 P t+k)> =0

k=0

where M C'y 1y, is the real marginal cost in period ¢ + k of a firm that sets its price at ¢.
Consider the steady state of this economy. In this case, since consumption and prices remain constant (P;" =
P, = Py41), inflation is equal to one, and Q¢ yr = gk,

Then the first order condition implies,
1

M

We can log-linearize the firm’s first order condition around the zero-inflation steady state as:

MOt-Hc\t =

pi —pi1 = (1= 360) > (BO)*Ee(meyinye +m+ pek — pro1)
k=0
Note: To log-linearize an equation of the form f(X;,Y;) = ¢g(Z;) around the steady state, use the following

formula:

9 () Z 2z ~ f1( X, V) Xz + fo(X, Y)Yy,

where X,Y, and Z are the steady-state values of variables X;,Y;, Z; and the small letters denote natural

logarithms.

9.5 Aggregate Price Level Dynamics

Let S; C [0, 1] be the subset of firms that did not adjust their prices at ¢. The aggregate price index in period ¢ is

given by

Pl = /Pt () 6dz+/ P,(i)'¢di
St ¢

For the fraction (1 — 6) firms that are allowed to change its price in ¢, we know they will choose P;".

P(i)' = di = (P))' ™ | di=(1-0)(P)
S; St

For the fraction # of firms that couldn’t change price in ¢ we have
/ Py (i) edz—ef P, (i) <di
S 0
and applying the definition for the price index in t — 1, P;_1,
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1
0 / P (i)' ~Cdi = 0P}
0

Hence, the aggregate price level at ¢t can be written as

P/~ = 0P + (1= 0)(P))'”

Dividing the last equation by P,_1 we get

(7)) =era-a(gh)

=0+ (1 —9)(152)1_6

In the zero-inflation steady state inflation equals one, and prices remain constant, P} = P, = P;_;. Then if

we log-linearize around the steady state we get

(1= 0)(pi —pr—1) =

9.6 Equilibrium

Definition 9.1. A monetary equilibrium with sticky prices is given by household allocation {Cy(s'), Cy(i, s?),
Ni(s'), My(s"), Bew1(s")}, firm’s allocation {Yy iy}, policy allocation {M{(s"), Bf,,(s"), Te(s"), @s441}, and prices
{P:(i,s"), Pi(s), Qs(s"), Wi(s")} s.t.

(i) household’s allocation solve their problem given prices and policy, (ii) the monopoly firm’s chose price given
the demand of their product, (iii) government satisfies it’s budget constraint, My(s')+M;_1(s'1)+Q(s') Byy1(st) =

By(st™1) + Ty(st), and (iv) labor and consumption good markets clears.

Solving for the equilibrium. Given technology for firms Y;(i) = A¢N¢(4), the cost function is

\I/t(’l,) = WtNt( ) Wt 14(15)

Then the real marginal cost in period ¢ + k of a firm that sets its price in ¢ is

Witk

MC =
R A Pk

which is the same for all firms (no matter at what time they adjust their price), and, hence, equal to M Cy.

Applying logarithm to the last equation

MCtyk = Witk — Pt+k — At+k

Substituting this result into the firm’s log-linearized first order condition around the zero-inflation steady state,

(59)kEt (pt+lc - ptfl)

M8

P —peo1 = (1= 80) > (BO)F Ey(mersp +m) + (1 — B9)
k=0

=
i

0
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We can expand this equation as

(80)* Ex(meyrx +m)

[M]8

P: —Pt—1 = (1 - 50)

=
I
=]

oo

+ (1 - 59) Z(/Ba)k(pt-‘rk — Dt+k—1 + Ditk—1 — Dt+k—2 + Ditk—2 + ... + Pt — pt—l)
k=0

(80)" Ei(meiyr +m)

NE

= (1-40)

>
Il

0

+ (1 —70) Z Et Ttk + Tiqph—1 + oo + 7t)
k=0

Which is equal to

P = pro1 = (1= 0) Y (B0)" Ey(mersp + m)
k=0

+ (1 — 50)(7& + 597& + (50)27&) + )
+ (1= 80) (8041 + (80)° T + ...) +

oo

]. — ﬁe Z Et mch + m)

( ) [ 7Tt Tt41

1_ﬁ9+”}

1—59 Z Et mct_,_;.c—i—m +Z Et 7Tt+]€
k=0 k=0

Re-writing this equation for ¢ 4 1, by the Law of Iterated Expectations, we have

Ey(piy — (1=86) > _(B)* ™ E(meriir +m) + > (B0 Ey(miprin)
k=0 k=0

(59)kEt (7Tt+k)

[M]8

Ey(pipr —pe) = (1= 0) Z Et (mepyr +m) +
k=1 k

I
-

Then we can write it as
Py — pi—1 = BOE(pryq — pe) + (1 — BO)(mey +m) +
And substituting for the log-linearized equations in the steady state, (1 — 0)(p; — pi—1) = ™

Tt
1—-86

— BGEt( m“@) + (1= B8)(mey +m) + m

(1-0)(1 - p0)
0

Ty = BEt(’/Tt-i-l) + (mct —+ m)

Now, looking into the labor market, we know
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Yili) = [ijf)] v
Yi(i) = AN (3)

and the labor-market clearing condition states

1
N, = / Ny (i)di
0

1 .
Yi() .
N; = di
t / -

N, = Z/Ol [ng)}_edi

Taking the logarithm of the last equation

ng =Y — a¢ +dy

where d; is a measure of price dispersion across firms. Around the zero-inflation steady state, d; = 0, and we

can write this equation as:
ne =Yt — Q¢

Substituting from the good’s market clearing condition into the household’s optimality condition for labor supply:

Wy — Py = OYp + PNy

wy —pg = oY + Oy — az)

And considering the value for the mc;,

mecy = Wy — Pt — Gg
=0y + oy —ar) —

(c+ )y — (1 + P

In the case of flexible prices, we have shown that mc}’ = —m and in the linearized equation mc} = (o + ¢)y;* —

(1 + ¢)a;. Then we can show

mey +m = (0 +¢)(y: — ;') = (0 + P)Js

where §; = y; — yp* are the deviations from the flexible pricing model.

Substituting in our last equation for inflation, we obtain the New-Keynesian Phillips Curve,

m = BE(T41) + KU

where £ = £(1—0)(1 — 860)(0 + ¢).

Now looking at the log-linearized form of the Euler Equation,
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1 .
Ct = Et(Ct+1) — ;[logﬂ + 1 — Et(’ﬂ't+1)]

Substituting ¢; = y; and adding y;* on both sides we obtain the Dynamic IS Equation,

1.. n
[is — Ey(miq1) +1og B — o By (Ayiy )]

Yt = Ey(Je41) — p

where gy =y — y;".

The New-Keynesian Phillips Curve and the Dynamic IS Equation, together with a policy equation that deter-
mines the dynamics of nominal interest rate, i;, characterize the equilibrium of the economy.

The process governing i; depends on how monetary policy is conducted, which in our case is through ad-hoc
money demand equation (this in contrast to classical models where monetary policy is neutral). Here, monetary

policy is a key determinant of real changes in the economy. For instance, an equation usually noted to describe how

monetary authority reacts to the inflation rate and output gap is the Taylor rule,

1y = —log B + axm; + s + vy

where o, and oy are non-negative and v; is an exogenous component with zero mean.
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10 Sustainable Equilibrium

Often within monetary or fiscal policy models, we assume the government has some credible commitment technology.
This means that the government will honor in the future whatever it announces it will do today. For example, say
the government announces a constant rate of money growth 6 for all future time periods and this government is
benevolent, meaning it seeks to optimize aggregate welfare. Even though a one-time positive shock in the growth
rate of money may increase social welfare, the government will not do so because of its previous commitment.
Such assumptions add a good deal of simplicity to modeling the environment. While convenient, this assumption
is unrealistic, as modern economic history contains many episodes of sovereign debt defaults, inflation crises, failed
currency pegs and political backtracking. The key insight here is that government authorities can only commit to
an action if that action is aligned with their incentives not just today, but at all future dates and states of nature.

In this section, we will review the formal way in which to look at these type of equilibria.

10.1 Chari-Kehoe Model

This subsection reviews the paper and results from V.V. Chari and Pat Kehoe’s Sustainable Plans from the Journal
of Political Economy (1990). The environment is a little more complicated than that of the previous subsection,
but still obeys the general definition, provided in Definition 10.2. Below is an illustration, demonstrating the timing

of events in this model.

Period t Starts AM PM t Ends t+ 1 Starts

I T T T
w Jit Tt for w

As you can see, a single time period is characterized by a morning and night (i.e. AM or PM) which determines
the sequence of events that takes place between the representative household and government. For any given time
period ¢, the household gains utility from AM consumption (¢1¢), PM consumption (c2:) and leisure (1 — ;). Over

an infinite horizon, utility is summarized by the function

o0

Zﬁtu(01t+czt,1 —1t). (1)

t=0
In each period, the household starts the day with the endowment w and determines how to split this between
consumption and capital investment:

c1t + kt <w. (2)

This capital earns a rate of interest R > 1, which is to be realized at night/PM. It is also during the PM stage that
the household chooses labor supply, earning a one-to-one return of consumption for labor. The PM is also the time

in which the government may impose a labor tax 7 and a capital tax §. Thus, the PM budget constraint is
Cot S (]. — (St)Rkt =+ (1 — ’Tt)lt. (3)

As for the government, it faces a balanced budget constraint for each period and must raise the exogenously
determined revenue g; thus, we have

g = 6t Rky + 7ly, (4)
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and in order to guarantee that the government does not rely solely on taxing capital, we impose the assumption
Assumption 10.1. g > (R — 1)w.

As can be inferred from the timeline above, the sequence of events is as follows: While in the AM, consumers
make decisions with respect to current consumption and capital investment. During the transition from AM to PM,
the government imposes its current policy, specifying taxes on capital and on labor. Once in the PM, the consumer
makes decisions (with respect to the government’s policy) as to the amount of labor to employ and consumption.
Thus, for any period ¢, we have a household allocation rule f; = (fi¢, for) = ((c1¢, ki), (I, c2¢)) and a government
policy m; = (7¢,0;). Note: Let’s maintain the same understanding from the last subsection that 7; implicitly defines
all future period policies; that is, m = {7, ¢, Te41,0¢41,...}- We may further compact the household rule and
government policy into the sequences f = {f:}32, and m = {m:}{2,, respectively.

Recall that a Ramsey equilibrium loosely refers to an environment with commitment in which the government

chooses (at date 0) the fiscal policy that maximizes welfare. In particular, given knowledge of how households
respond to a policy 7, the government picks the 7 that maximizes welfare in a competitive equilibrium setting, and

does so with respect to household and government budget constraints.
Definition 10.1. A Ramsey equilibrium is a policy m and household allocation rule f such that

1. For all 7,

f(7) = argmazx Zﬁtu(cu +oco, 1 — 1)
t=0

subject to the household budget constraint for all t, and

2. the government chooses a fiscal policy m such that

™ = argmax Z Bulcre(m) + car(m), 1 — Iy(m))
t=0

subject to the household and government budget constraints for all t.

Thus, given a credible commitment strategy and knowing the household’s best response (as characterized by the
sequence of functions f), the government maximizes utility in a way to meet the household constraints and its own

revenue requirements. Given this equilibrium notion, the paper proves the following proposition.

Proposition 10.1. The Ramsey outcome (7", f7) has AM allocations ¢f, = 0 and kj = w and a capital tax rate

0] = % for every period.

While not used in the section 10.1, we’ll introduce the notion of a history, as it is included in the paper. A
history h:_1 is simply the set of all past government policies, up until date ¢; that is, hs—1 = {mg, 71, ..., 7—1}. Thus,
at the beginning of period ¢, the household is aware of the history of policies and makes a decision accordingly, such
that f1;(h¢—1). The government’s period ¢ policy is also a function of this history. Lastly, given the period policy
¢, the history is updated to h; and the PM decision for(ht) = far(ht—1, ) is made by the household.

We haven’t forgotten about the policy mapping either! Instead of the constant function o for all ¢, we consider

the sequence of mappings o = {01, 09, ...} for this model. By the time we get to period ¢, the government observes
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hi—1 and chooses period ¢ policy by o¢(hi—1). We have a sustainable equilibrium if oy(h;—1) coincides with all

previous specifications of ;.36

Definition 10.2. A sustainable equilibrium is a pair (7, ) along with the sequence of policy mappings o that satisfy

the following conditions:

1. Ghven the policy ™ and mapping o, the continuation of the allocation rule f solves the consumer’s problem,
during the AM, for every history hi_1, and the continuation of the allocation rule solves the consumer’s

problem, during the PM, for every history h;.
2. Given an allocation rule f, continuation plan of o solves the government’s problem for every history hy_1.
3. Markets clear.

(1) specifies that households respond optimally to each history and these responses coincide with the initial
allocation rules f; (2) states that the government responds optimally to each history in a way that maximizes

competitive welfare of the household, satisfies its own budget constraint and coincides with its initial policy plan .

Theorem 10.1. In this setting, the autarky equilibrium (c®, f*) is the worst sustainable equilibrium. That is, for

any sustainable equilibrium (o, f), U(o, f) > U(o®, f*), where U represents lifetime utility of the household.

Autarky refers to the scenario in which the household chooses to not roll over or invest any of its capital for

consumption in the PM stage for any period. Lastly, the main result of the paper.

Theorem 10.2. An arbitrary pair of realized outcomes (7, f) is a sustainable equilibrium if and only if
1. the pair (w, f) is a competitive equilibrium at date 0 and
2. for every period t, the following inequality holds:

D B u(ers + cas 1s) > ul (k) + 1 fﬁ“a

s=t

where u® is utility earned from autarky and u® is the one-period mazimized utility of the household, subject to the

PM constraint and the government budget constraint.

Refer to Lemma 2 and the actual theorem in the paper for a more explicit understanding of the notation. At
face value, think of u® as the one shot highest utility a household can get in period ¢ while still respecting the
relevant constraints. If u® is autarky utility, then % is the present value of an infinite stream of autarky outcomes
for the household.

‘What is the best sustainable outcome we can obtain?

We know the Ramsey outcome will yield the highest utility for the household, but, is it sustainable?

Theorem 10.3. Folk’s Theorem. There exists a discount factor 8* € (0,1) such that if 8 > 5* then the Ramsey

equilibrium is sustainable.

y oes € government choose time policy wi e 1story t—1 an no t—1, J1t t—1 ! ecause 1t 1s redundant. e
36Why does th t ch time ¢ poli ith the history h d not {h h ? B it is redundant. Th

government is aware of the household’s response function f and thus h;—1 is a sufficient statistic for knowing fi;.
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Proof. Let u® be de utility derived from a Ramsey equilibrium, u¢ the highest utility derived in a one shot

deviation, and u® the autarky utility. Then the sustainability constraint is

R a
n >l 4 Bu
1-p 1-p

u > (1= B)u + Bu’

By assumption, u® > uf > u®. Let 5* be the discount factor such that the sustainability constraint holds with

equality, . n
[3* — % >0
ut —uy

Then for all § > * the sustainability constraint holds and the Ramsey equilibrium is sustainable.
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10.2 Prelim Questions

Setup: Consider a production economy with a large number of idenical, infinitely lived individuals. There are two
goods: labor and consumption. These correspond to a period utility function U (¢, l;). There exists a per capita gov-
ernment expenditure g;, determined by a finite, independent and identical stochastic process. The government can
finance this with taxes on labor income and issuing one-period debt. The initial stock of government debt is known

and positive. Government debt must be non-negative; that is, the household cannot borrow from the government.

A) Define a competitive equilibrium.
A TDCE is a sequence of household allocation rules Z = {ci(gs),1:(g¢), bev1(9¢)}52, a firm production plan
ZF = {1 (g)}52,, a government policy {g, 7¢(g¢), b{1(9¢)}220 and prices {R¢(g¢), we(g:)}72o such that the house-

hold, taking prices as given, solves

Hzl?_}X Z Z ﬁtw(gt)u(ct(gt), lt(gt))
t=0 g

st ci(ge) +bir1(ge) < (1 —7e(ge))we(9:)le(g¢) + Re(9¢)be(ge—1)

s.t. bo > O, bt+1(gt) > 07 Ct(gt) >0 Vt,Vgt
the firm, taking prices as given, solves

max 1 (90) — we(gn)lf (9r) Y, ¥(g0)

the government budget constraint holds:

gt + Ri(96)be(9e—1) = 7(ge)wi(9e)le(ge) + big1(ge)  VE,V(ge)

and markets clear:

ce(ge) + g = l(ge) and bY(g) =bi(ge) and U (g:) = li(ge) VE,¥(ge)-
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B) Suppose that the government wishes to implement the best competitive equilibrium. Set up

the Ramsey problem. With a multiplier of A;(g:) on the budget constraint, we have first-order conditions

[ce(g0)] B (gr)uc(gr) = Ai(ge)
[le(gt)] 8 m(ge)ui(ge) = (1 — 7(g9:)) Me(9¢)
[be41(ge)] + — Aelge) + Z Ae+1(ge41)Rev1(ge41) = 0.

gt+1

the consolidation of first order conditions between consumption and labor leads to

U
S0 (1= o)) = (1= 7(90) (1)
given that the firm first order condition provides a wage of 137, and
gt+1 Uc(Ggi+1)
ueldst) p . 2
=B Z te(g0) t+1(9t41) (2)

gt+1

The procedure for attaining an implementability constraint proceeds as follows: Multiply the period ¢+ 1 budget

Tet1(get1) Ue(ge+1)

constraint by g e (90) and sum over all realizations of g, 1. You get

Tt gt)
Z ﬂ7t+1(9t+1) Uc(gi+1) [cean(goan) + besa(gers)] = Z 57”1(9”1) Uele11) (1= 7(gt41)) + Reg1(9e41)be41(g0)]
= Tl uelgr) —= mlg)  ue(ge)

@Et [ue(ger1)eert(ger1) + ve(ger1)bera(gir1)] = uc?gt)Et [w(ges1)] + bes1(ge)

=bi1(g¢) = u(ﬁgt)Et[uc(gH—l)CtJ,-l(gH-l) + ue(ger1)bir2(ge+1) — wi(ger1)]s

which is an expression for b;y1(g:). Now, use this in the current period budget constraint, which is

ci(gt) + bi1(ge) = (1 —7(ge)) + Ri(g¢)be(ge—1), and get

ce(ge) + uc(ﬁgt)Et[uc(gtJrl)ctJrl(gt+l) —wi(ge1) + ve(Ger1)be42(ger1)] = 1 — 7(g¢) + Re(g¢)be(ge-1)

ue(grt1)

Uc (gt)

As can be seen, a pattern will emerge, given the repeated substitution of the next-period bond equation. Thus,

;)Et[uc(gt)ct(gt) + Buc(ge+1)ct+1(ge+1) — wilge) — Bur(ge+1)] + BE] bet2(ge+1)] = Re(g4)be(ge—1)-

ue (G

assuming that

: Ue(gert) .
qu_t);LOBEt[ we(g0) birr(gi+r-1)] =0

and setting ¢t = 0, we get the implementability constraint

> B Eoluc(ge)er(ge) — wig:)] = ue(go) Ro(go)bo,

t=0

or

DD B (g luelge)e(ge) — wilge)li(ge)] = ue(go) Ro(go)bo (3)

where we assume 7(go) = 1 and l;(¢g¢:) = 1 V¢ and Vg;.

37Firm’s maximize l{ (g¢) — we (gt)l{ (gt), where the derivative with respect to l¢(g:) gives the desired result.
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For the planner, with commitment, the Ramsey problem is

max Z Z B (ge)uler(ge), 1t (ge))

t=0 gt

s.t. c(ge) + gt = le(gt)

s.t. zt: Z Gt 12((‘?0)) [uc(ge)ce(ge) — wi(g:)li(g9:)] = Rolgo)bo

C) Suppose now that the government lacks commitment. Assume policies and allocations can
depend on the entire history of policies. Define a sustainable equilibrium

When the government lacks commitment, it is able to renege on promises or future plans that have been
made to the household. Within the economic environment of this problem, the only inter-temporal instrument the
government uses is bonds. Thus, we will allow for the government to default at a rate d;(g;) € [0, 1] on promised
bond payments R¢(g:)b:(gi—1). Notice, given that ¢ is in the unit interval, we can have partial defaults. Period ¢
repayments are a function of bonds sold in period ¢ — 1, leading to the inter-temporal aspect of the commitment
problem. Within a given period, define a government policy as vy = (7¢(9g¢), 9¢(9¢), (bi4+1(9t))g,.,) and the household
allocation rule as f; = (ci(g¢), (be+1(9¢))g.s151:(9¢)). Note: g, does not appear in the government policy because
it is a stochastic and exogenous variable that the government does not control. Now, a definition for sustainable

equilibrium.

Definition 10.3. Let f = {fi}2, be a sequence of household allocation rules for each time period and let ¢ =
{Ye}52, be a sequence of government policy rules with a corresponding sequence of policy mappings o = {o:}52,
such that oy : hy_1 — 1y where the history hy is defined as hy = (hy_1,0¢(h¢_1)).38 A sustainable equilibrium is the

pair (o, ) such that Added for all time periods in the conditions.

1. Given o, for every time t and Vhy

{322 € argmaz YY" B w(ga)ulcs(gs), 1s(gs))

s=t gs

s.t. Cs(gs) + Z bs+1(gs+1|gs) S (1 - Ts(gs))ws(gs)ls(gs) + 53 (gs)Rs (gs)bs(gs—l)

Is+1
2. Given f and hy_1, for every time t,

{0322, € argmaz > Y B w(gs)u(ca(gs), 1s(gs))

s=t gs

s.t. 9s + 5s(gs)Rs(gs)bs(gs—l) = Ts(gs)ws(gs)ls(gs) + Z bs—&-l(gs—o—l‘gsa)

Is+1

8. Markets clear

38Implicitly, we are assuming that within any time period, the government makes an action first, followed by a household response.
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where future allocations and utilities are induced by the o and f.3° 40

D) Without commitment, what is the best sustainable equilibrium if gy is positive and g; = 0 for
all t > 17

Refer to part E for a generalized proof.

E) Without commitment, what is the best sustainable equilibrium if ¢ = g > 0 for t = 1,2,...,T
and g; =0 for all t > T 4+ 17

For the remainder of the question, we will assume that sequential equilibria are characterized by trigger mech-
anisms, or revert-to strategies. This is in line with Chari, Kehoe (1990) and Chari, Kehoe (1993). Here, assume
that if the government deviates from its announced policy in period ¢, then there is autarky for periods ¢ 4+ 1 and
onward. That is, there is no bond market and the government can only finance expenditures through its labor tax.

Lastly, note that we have moved into a deterministic environment.
Claim 10.1. If gt =0 Vt > 7 for some 7, then any sustainable plan must default at 7.

Proof. Given that the government does not need to finance expenditures after period 7 — 1, the government budget

constraint becomes: d;R;by < 7ly + byy1. In particular, for the first period 7, we have
0-R: b < 7 l;

with the government objective of maximizing

oo

Z B Tu(er, ly)

t=T
subject to ¢; + byy1 < (1 — 1)l + 6 Ryby WVt > 7.4 If the government defaults in period 7, the household receives
welfare Uy + %V whereas if the government does not default, the household receives Uyxp + %V. Thus, the
government’s decision is with respect to which period 7 utility is higher. Consider the household’s feasibility set
(c,1) € T'(7,w) such that

I(r,w) ={(c,1): ¢>0,1€[0,1],c= (1 —7)l+w}

where w corresponds to a bond repayment. Given that the government must finance period 7 bond repayments

with a distortionary tax 71 = w, we note that I'(r,w) C I'(0,0) for any 7,w > 0. Thus, from a planner’s perspective,

39When we say that future histories are induced by a pair (o, f), we are stating that for any date t, the government policy (along

with the household allocation rule) maps hi_1 into ht into hi41 and so forth, such that the future household utility can be computed

oo

> B U(es(hs—1))

s>t
as a function of the histories. Essentially, knowing how the household and government optimize and respond to one another, we can

forecast the future histories of the game, which determine future utility levels.
40Tn the second item, there is no consumer budget constraint included because the response functions, which the government is taking

as given, already optimize with respect to this constraint.
41This proof assumes that the government does not choose to roll over debt with br4+1. Given a no-ponzi condition and episolon

argument, this proof will follow through for the more general case in which the government is allowed to roll over some debt.
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facing resource constraint ¢ = [, the maximum is attained at ;- = 1. Further, when faced with (7,6R;b;) = (0,0),
the household first order condition coincides with the planner’s. Thus, any scheme (7, w) > 0 is feasible under the
(0,0) fiscal and it is this policy that obtains the maximum utility for the household. Thus, the government will
choose to set 6, = 0. O

corollary 1. If gy =0 VYVt > 7 for some 7, then any sustainable plan must have b, = 0.
Claim 10.2. Ifb, =0 Vt=r71,7+1,..., then any sustainable plan must have default on T — 1 bonds.

Proof. Suppose that pairing (o, f) defines a sustainable plan for the economy in which i) by = 0 for all t = 7,741, ...
and ii) there exists positive lending for all previous periods; that is, by > 0 V¢ = 0,1,...,7 — 1. The government
faces the trigger mechanism which specifies that b.y; = 0 for all future periods, given a deviation from policy in

period t. Now, consider the government in period 7 — 1. It seeks to solve

o
TR D T g
R S

s.t. 57’—1RT—1bT—1 +9r < T‘r—llT—l

s.t. gt < Ttlt vt:T,T—f—l,...

If the government deviates in period 7 — 1, the trigger mechanism relegates the government to optimizing household

welfare with respect to the government budget constraint
gt < Tily Vi=71,7+1,...

which is no different than the original problem (1). Thus, the trigger mechanism does not constrain the government
from optimizing in period 7 — 1. Given this, and through the same distortionary tax logic of the former proof, the
government finds it optimal to maximize household welfare by setting (6,—1,7-—1) = (0,0).

Given this, the household allocation rule f would optimally set b,_; = 0 in period 7 — 2. This contradicts the
plan with b; > 0 for t = 0,1,...,7 — 1 being a sustainable one. Thus, a sustainable plan will have default in period

T—1. O
Through the same proof technique and using induction, we arrive at the following:
corollary 2. If If by, =0 Vt= 7,7+ 1,..., then any sustainable plan must also have default at period t = 0.4?

Thus, if the government faces a trigger mechanism of no borrowing autarky, and has a finite stream of expen-
ditures (stopping at some date 7), then any sustainable plan must have date 0 default on any positive government

debt.

42This follows through inductive reasoning.
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F) Conjecture conditions on the stochastic process for government consumption, and on the
discount fact so that the Ramsey outcome is sustainable. Try to prove your conjecture for extra
credit.

In Chari and Kehoe (1990), the environment was static in the sense that there was not a state variable, such as
bonds, that created a time-dependence. In that case, a Ramsey equilibrium would induce a constant utility payoff
[JRP

for all periods whereas the trigger strategy would consist of a one-period deviation utility U%(g) and a future,

constant utility level V4. Thus, for Ramsey plans to be sustainable, we must observe
URP > Ud(g) + L
> -3

=T 3 fﬁ[URP -V >U%g) - U"".

Thus, as the discount factor gets sufficiently high, the Ramsey plan will be a sustainable plan. Further, if any plan

- d
1-p v

is sustainable at discount (3, it will be sustainable for discount factor 8" € 3, 1].
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Alternative Setup: Let the government consumption process be deterministic such that

gr, even periods
gt =
0, odd periods

where the government can default on debt at any time and the government raises revenues by levying a proportional

tax 73 on labor income.

G) Define competitive equilibrium, set up the Ramsey problem and define a sustainable equilib-

rium.
A TDCE is a sequence of household allocation rules ZH = {¢;, Iy, b1 122, a firm production plan ZF = {If}22.

a government policy {g, ¢, 0, b7, 1 172 and prices {q¢, w; }§2, such that the household, taking prices as given, solves
o0
t
HZI%X 25 u(ce, lt)
t=0
s.t. C¢ —+ bt+1 S (1 — Tt)wtlt + (1 — 5t)qtbt
s.t. by >0, bt+1 S [—D,D], ¢ > 0 Vi,
the firm, taking prices as given, solves
max l{ - wtl{ Vi,
ZF
the government budget constraint holds:
gt + (1 = 6)qebe = Tewely +bpyy VE

and markets clear:

ce+g=1l and b =b, and IJ =1, V¢

In this model, a Ramsey equilibrium is a policy m = (g, 71, ...) and a household allocation rule f = (f1, fo,...)

that satisfy
i. Policy m maximizes Y -, B'u(c,(m), (7)) subject to GBC Vi,
ii. V7', the allocation rule f(7’) maximizes >~ B'u(ct, ), subject to HH budget constraint and GBC.

where 7 says the government policy maximizes date-0 welfare, and 7 says that f is a best-response function to

government policies.

Definition 10.4. Let R; denote the value of government surplus: Ry = uc.(mily — g¢). Given the HH first order

condition and resource feasibility. Ry = u.cy + wily.

Proof.

Ry =uc(mely — Iy + ¢4)
=ucct + (e — 1)

=uccs + uly
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Proposition 10.2. In the Ramsey problem, consumption and labor allocations solve

Z/Btu(ct7lt
t
s.t.c; + gt — lt (1)

sty B'Ry > min{0,uc(0)(1 - do)bo} (2)

The last condition is the implementability constraint. It requires that the value of government surpluses exceeds

the value of initial debt. The min operator further requires that the government default on initial debt, if positive.

Proof. Subtract the consumer’s budget constraint by the government’s budget constraint to get the resource feasi-

bility condition (1):

et + bepr — [mwly + b)) = (L — 1wl + (1 — 0)qeby — [ge + (2 — 64)qebe]

S ot g =wly =1 (imposing equilibrium wage)

For condition (2), multiply the household budget constraint by S'u.(t) and sum over time:

Zﬂtuc (1= 7o)l + beya] = Zﬂtup )(1 — 6:)qib
= 2%5 Ue(t)er + u ()l + ue(t)bysr] = Zﬁtuc (1= 6:)qeby (by —gigg =1-17)
t
= Z B ue(t) + wi(t)] = ue(0)(1 — 8o)bo + Z; B (t+ 1)(1 = 841)gr1ber1 — Bluc(t)biyr  (assuming go = 1)
=
= uc(0)(1 — do)bo + io; B0t [Buc(t1) (1 = 8p41)ge41 — ue(t)]
=
= uc(0)(1 — 89)bo. (by ue(t) = B(1 = Otr1qe41uc(t + 1))

Further, if the government has positive initial debt, it is optimal to default (i.e. do = 0 ) as to not distort household

labor incentives. Thus,

’LLC(O)(I — 60)[)0 >0 — §=1

for a total default on initial debt. As aresult, we have 72 B [uc(t)+wi(t)] = Yooy B R > min{0,u.(0)(1—60)bo},
proving condition (2). O

Lastly, refer to Definition 10.3 for a definition of sustainable equilibrium.
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Disclaimer This section is more or less a regurgitation (an ugly word for an ugly answer) of Chari and Kehoe’s
older papers. It doesn’t directly answer the question but was the best I had, going in to the prelims.

H) What is the worst sustainable equilibrium, without commitment? Show that the best sustain-
able equilibrium solves a programming problem. Show that the key constraint is any allocations must
satisfy a sustainability constraint where the RHS of constraint is utility associated with best one shot
deviation plus the sum of discounted utilities assocaited with the worst continuation equilibrium.
Show that if gy is sufficiently large, the Ramsey outcomes are sustainable in the best sustainable
equilibrium.

In what follows, we will proceed in defining sequential equilibrium in an environment with trigger-type strategies,
as done by Chari, Kehoe (1990) and Chari, Kehoe (1993). In this game, bonds act as a state variable which creates
a time-dependence between periods; thus, this setting cannot be fully analyzed as a repeated game. For this, we will
first define a Markov equilibrium and show that sustainable plans can be implemented through a revert-to-Markov
equilibrium concept.

Now, we begin to describe the properties that construct a Markov equilibrium. Let the Markov problem be

Vi(b) =max Z B tules, ls)

s=t
Ul (Csa l@)
to——==(1-7 = 1,.. FOC1
s.t (o 1) (1 —715)Vs=t,t+1, (FOC1)
s.t.uc(cs, ZS) = 5(1 — 5t+1)Rs+1uc(cS+1, ls+1) Vs = t, t+ ]., (FOC?)
s.t.byyq1 € [-D, D] (No Ponzi)
s.t. Z B "u(es, ls) > Vi(by) Vr=t+1,t+2,... (Consistency)
S=r
s.t.HHBC, and GBC, Vs =t,t+ 1, ... (Budget Constraint)

where the Consistency condition requires that the plan chosen at date s will still be the solution to the date s value
function when that date arrives. Note that at date 0, this gives the Ramsey allocations and policies. Consider the

second programming problem: the Household problem:

Wt (bt7 7Tt) =max Z ﬁs_tu’(csa ls)

s=t

s.t.FOC1, FOC2,No Ponzi, Consistency, HHBC

s.t.Government Budget Constrainty Vs =t + 1,t + 2, ...

This is identical to the Markov problem, except for the fact that the date ¢ government budget constraint does not
need to be met. Thus, the problem allows for deviation in the current period. The Markov problem is used to
construct a government policy ¢™ and the Household problem is used to construct a consumer allocation f™. This

formulation can allow for more than one solution, as well.

Claim 10.3. The policy plans (c™, f™), constructed from solutions to the Markov problem and Household problem,

are a Markov equilibrium. Further, these form a sustainable equilibrium.
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Proof. Both the Markov problem and the Household problem are recursive in nature. For the consumer, given
some history hy = (hy—1, 7¢), maximize their utility subject to their resource constraints at all future dates, where
future government policies evolve according to o,,. The consumer chooses allocations with respect to its first order
conditions FOC1, FOC2 and no ponzi conditions. Further, from date ¢ + 1 onward, the household allocation rules
coincide with the Markov problem at date t + 1, given inherited debt b;, as a solution to the Household problem.

Thus, there is no incentive to deviate. Now, consider the government at any history h;_1. Note that
V;g(bt) = math(bt, 7Tt)
Tt

In this sense, there is an overlap in the incentives of both the government and household. Thus, there does not

exist another one-shot deviation or policy that improves welfare of the household, given f™. O

When, in a given period (or period 0), there is zero initial/entering debt, the Markov problem can be written as

Vo(bo) :maxZBtu(ct,lt) *

t=0
S.t.Ct + gi = lt Vit

s.t. i ﬂth Z 0

t=0

sty BRSO Vr=12,..

s=r
requiring that the present value of all future government surpluses be nonpositive. It can be shown that there exists
a debt sequence such that, a solution to (x) coincides with the solution to the Markov problem. In the example, we
will use these constraints to check that a plan satisfies the Markov problem.

Now, we consider a modified version of Markov equilibria: the Revert-to-Markov equilibria. This is an analogue
to trigger strategies in repeated games. The mechanism works as follows: given some sequence (m, x), with policies
(7,71, ..., m¢—1) up until date ¢ — 1, consider a deviation at time period ¢: 7;. The allocation rule for date ¢ is
given by the solution to the Household problem W;(b;, 7). Further, for any policy 711, policies at date ¢t + 1 are
solutions to Wii1(bi"t,m11), and so forth in a recursive fashion. The reversion policy for the government works

analogously.

Claim 10.4. An arbitrary sequence (w,x) can be supported by a revert-to-Markov plan if and only if i) it is attainable
under commitment (i.e. it maximizes date 0 utility subject to household and government budget constraints) and ii)

for every t, the following inequality holds:

i Bu(cs, ls) > Vi(by).
s=t

Proof. Given attainable under commitment, the continuation of x is optimal given the continuation of m and vice
versa. Further, for the government, the best one-shot deviation is the Markov strategy, and condition i) shows that
the government will choose to not deviate. Thus, a plan is sustainable under the trigger strategy if it maximizes
date zero utility (subject to constraints) and offers weakly greater utility than the Markov problem at each date

t. O
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Claim 10.5. In any revert-to-Markov equilibrium, the value of debt is monpositive at each date. Further, when

bo = 0, the allocation under the revert-to-Markov equilibrium are unique.

First, consider the following scenario:
Odd Spending
For g¢ = 0 for t even and ¢g; = ~ for ¢t odd, under the Ramsey plan, the budget is balanced in a two-period
cycle, such that
R(0) + BR(y) =0

Assume that the utility function is such that R(g) is decreasing, which implies that R(0) is positive and R(7y) is
negative. Thus, the government optimally smooths distortions by running a surplus in peacetime and deficit in
wartime. For t even, we have > 2, A"R(g) = 0 and for ¢ odd, we have > ~, 8"R(g,) = 8'R(v) < 0. This implies
the Ramsey allocations solve (x) which implies that for a certain debt sequence, they are also sustainable. In even
t, issue by = % < 0. For t odd, issue b;41 = 0. Essentially, the government runs a slight surplus in
peacetime to make loans and pay for wartime spending through the return on those loans. Now, consider our
example:

Even Spending
Given the claim above for a sustainable plan wit Revert-to-Markov strategies, the worst sustainable plan is one
which is i) attainable under commitment and ii) offers weakly higher continuation utility, compared to the Markov
problem at all future dates. Thus, if the utility associated with the Markov equilibrium is a lower bound, the
Markov plan is the worst sustainable equilibrium.

In the problem, for g; = = for t even and g; = 0 for ¢ odd, under the Ramsey plan, the budget is balanced in a

two-period cycle, such that

R(y) + BR(0) =0

Since R(g) is decreasing, this implies that R(0) is positive and R(7) is negative. Thus, the government optimally
smooths distortions by running a surplus in peacetime and deficit in wartime. For ¢ even, we have > 2, " R(g,) =
B'R(0) > 0 and for ¢ odd, we have Y 2 8"R(g-) = 0. In even ¢, issue byyq = Wg?l(m > 0. For t odd,
issue b;11 = 0. This implies a peacetime surplus and wartime deficit, but at date 0, it issues positive debt. The
government will find it optimal to default on this debt at date 1 and follow the Markov plan: this will give the
Ramsey allocations of the corresponding problem above. Thus, positive debt is not sustainable at date 0 (by the
revert to Markov plan) and the government must finance the initial wartime spending through distortionary taxes.
This is the best sustainable equilibrium: it features a balanced government budget in the initial period, and then
the implementation of the Ramsey problem, starting in period ¢ = 1, which is the peacetime period.

condition i) of the claim above, says that for any date ¢, the continuation utility of a plan must exceed the
continuation utility of the Markov problem. If it does not, then agents have the incentive to deviate in period ¢ and
then play within the confines of the Markov equilibrium. Thus, given a sustainable plans induced stream (¢, )2,

it must satisfy the date ¢ constraint

> B u(En ) 2 max (e, 1) + B Y BTV 4 g Y
s=t s=t+1
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for all ¢, where (c*,1*) represents the quantities associated with the best one-shot deviation in period ¢ and Vjs
and Vjso represent the period utilities associated with the Markov problem in peacetime and wartime spending,
depending upon the date ¢ of the deviation.

For implementing the Ramsey equilibrium as the best sustainable equilibrium, we will require a different deviation
policy (other than the Revert-to-Markov strategy). If there exists a multiplicity of sustainable equilibrium, we can
define trigger strategies that revert to this level of present value welfare. For sufficiently high government spending
and sufficiently high discount factors, the government would find it optimal to maintain positive debt with zero

default. It would do this because the trigger strategy would outweigh the benefit of such a one-shot deviation.
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11 Appendix

11.1 Transversality Condition

Often overlooked and misunderstood is the transversality condition that we impose on maximization problems when
the model is one of infinite time. This condition can be interpreted as a boundary condition of sorts, and is used as a
sufficient (and generally necessary) condition to ensure a solution to the maximization program under consideration.
As some motivation for its usage, consider the following problem

max Z Btu(F(kt) — kt+1)

{hertio 1=

subject to the constraint k;11 € [0, F(k;)], where initial capital kq is given and T' < oo. Given a strictly increasing
utility function, the agent solving this problem wishes to consume as much as possible. Thus, in period T, the agent
optimally selects k111 = 0 and ¢ = F(kg). This gives us a boundary condition for the choice of capital in the last

period. In this model, we can derive the Euler equations
u'(F (ki) = k1) = Bu' (F(ki1) — keg2) F' (k1) VE=0,1,..,T -1

This equation applies to all time periods; thus, we would have a system of ¢ equations in 7'+ 1 unknowns, but the
end condition K7 + 1 reduces that to an identified system, which can yield a unique solution. So, what becomes of

us when we move on to the problem
oo

{kglfi}%o ;ﬂtU(F(kt) — kty1)
with the same constraint set? We have the same Euler equation conditions, but now we have an infinite series of
choices and no clear end of time boundary condition for capital. The solution is to introduce the transversality
condition (TVC) which acts as the infinite time analogue to the previous boundary condition. What does K141
mean for the finite time model? It more or less implies that value of capital in time T + 1 is zero for the agent, in
terms of its present value marginal benefit. Because of this, the agent optimally sets it to zero. In mathematical

terms, it basically means

BTN (F (k1) — ko) F (Kria) - kriq = 0.

Let’s unpack this. B7*! puts this period T'+ 1 return in terms of present value. u'(F(kry1) — kri2)F'(Kry1)
provides the marginal utility of increasing capital investment into period 7'+ 1, where its magnitude is measured by
the marginal increase in output (and hence marginal increase in 7'+ 1 consumption). Multiplied by total kr1 gives
the value of the k71 capital stock, measured in time 0 utility. Thus, in infinite time, we impose the transversality
condition

t@& ﬁtu/(F(kt) — kt+1)Fl(]€t) . kt =0. (TVC)

Given certain assumptions on the utility function and economic environment (Theorem 4.15 of SLP), the Euler
equations and TVC are necessary and sufficient conditions for a solution to the sequence problem. What does this
mean? There may be a variety of initial capital positions kg and capital sequences that satisfy the Euler equations.

These will not be optimal unless they satisfy the TVC, as well. This is a mathematical result but should also be
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an intuitive one, as well: it makes sense that the marginal value of capital investment is insignificant to the agent,

when measured in terms of date 0 utility. In some circumstances, the TVC is represented by the condition
lim Atkt+1 =0
t—o0

where \; is the multiplier on the feasibility constraint from the planner problem. This is equivalent to the above

stated TVC:

tlﬁgo Aekir1 :tlg& 5tu/(F(kt) - kt+1)kt+l
=lim '~/ (F(ke—1) — ko) ke

=lim BB (F(ky) — kyyr) F' (ke ) Ry (Euler Equation Sub)
—00

=lim Btu/(F(kt) - kt+1)F/(kt) . kt = 0.

t—o0

Transversality conditions can also be imposed upon other agent decisions within a model when there are more choice

variables with inter-temporal ramifications.
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